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Abstract

Determining the maximum size of a ¢-intersecting code in [m]™ was a longstanding open problem of
Frankl and Fiiredi, solved independently by Ahlswede and Khachatrian and by Frankl and Tokushige.
We extend their result to the setting of forbidden intersections, by showing that for any m > 2 and n large
compared with ¢ (but not necessarily m) that the same bound holds for codes with the weaker property
of being (¢t — 1)-avoiding, i.e. having no two vectors that agree on exactly ¢t — 1 coordinates. Our proof
proceeds via a junta approximation result of independent interest, which we prove via a development of
our recent theory of global hypercontractivity: we show that any (¢ — 1)-avoiding code is approximately
contained in a ¢-intersecting junta (a code where membership is determined by a constant number of
coordinates). In particular, when ¢ = 1 this gives an alternative proof of a recent result of Eberhard,
Kahn, Narayanan and Spirkl that symmetric intersecting codes in [m]™ have size o(m™).

1 Introduction

Many intersection problems for finite sets (see the survey [13]) have natural generalisations to a setting
variously described as codes, vectors or integer sequences. For example, any intersecting family of subsets
of [n] has size at most 2”71, and more generally any intersecting code in [m]™ has size at most m™ !,
where we say a code F C [m]" is intersecting if for any x, y in F there is some i with x; = y;. However,
these settings are quite different, in that there are many maximum intersecting families of sets, including
very symmetric examples such as the family of all sets of size > n/2, whereas in [m]|™ for m > 2 the
only example is obtained by fixing one coordinate to have a fixed value. A more substantial difference was
recently demonstrated by Eberhard, Kahn, Narayanan and Spirkl [5], who showed that adding a symmetry
assumption reduces the maximum size to o(m').

A longstanding open problem of Frankl and Fiiredi [9] posed the corresponding question for codes
F C [m]™ that are t-intersecting, in that any x,y in F have agreement agr(z,y) = |{i : x; = y;i}| > t.
From the perspective of coding theory, one may think of such F as an ‘anti-code’, in that we are imposing
an upper bound on the Hamming distance between any two of its vectors. From a combinatorial perspective,
the natural analogy is with ¢-intersecting k-graphs (k-uniform hypergraphs), for which the extremal question
was also a longstanding open problem, posed by Erd6s, Ko and Rado [8] and finally resolved by the Com-
plete Intersection Theorem of Ahlswede and Khachatrian [1]. The analogous result for codes, resolving the
problem of Frankl and Fiiredi, was also obtained by Ahlswede and Khachatrian [2], and independently by
Frankl and Tokushige [12]. They showed that the maximum size of a ¢-intersecting code in [m]™ is achieved
by one of the following natural examples, which can be thought of as Hamming balls on a subset of the
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coordinates, and which we will simply call ‘balls’ (following [26]): let
Stpm]" ={zem]": |{jel,t+2r]:x; =1} >t +r}.

We show for any m > 2 and n large compared with ¢ (but not necessarily m) that the same conclusion
holds under the weaker assumption that F is (t — 1)-avoiding, i.e. no x,y in F have agreement ¢ — 1.

Theorem 1.1. For allt € N there is ng € N such that if F C [m]™ is a (t — 1)-avoiding code with m > 3
and n > ng then | F| < max,>q |St,[m|"| with equality only when F is isomorphic to a ball.

Theorem 1.1 can be viewed as an analogue for codes of the classical forbidden intersection problem
for set systems, which has a substantial literature, particularly stemming from the many applications of
the celebrated Frankl-Rodl theorem [11] (see also [10, 16]). Our proof (discussed in the next subsection)
proceeds via a junta approximation result of independent interest, showing that any (¢ — 1)-avoiding code
is approximately contained in a ¢-intersecting junta (a code where membership is determined by a constant
number of coordinates). In particular, when t = 1 this gives an alternative proof of the result of [5], as a
family that essentially depends on few coordinates is very far from being symmetric.

1.1 Overview of the proof
The proof of Theorem 1.1 has three steps, each of which has elements of independent interest.
(1) Junta approximation: any (¢ — 1)-avoiding code is approximately contained in a ¢-intersecting junta.

(2) Anticode Stability: a stability version of the Ahlswede-Khachatrian theorem on anticodes determines
the structure of the junta from (1) — it must be a certain ball F.

(3) Bootstrapping: given that the code of maximum size is close to F, it must in fact be equal to F.

The methods required to implement these three steps depend considerably on the size of m, and we need
a variety of ideas in Combinatorics and Analysis, some of which are new. The most significant new idea in
this paper is a random gluing operation, which may be thought of as a natural, more versatile, analog of the
sharp threshold phenomenon from the biased hypercube, as we explain next.

Random gluings. Often times, when working over the p-biased Boolean hypercube, i.e. {0,1}" along
with the measure j,,(z) = pl{?€ [2i=1} (1 — p){€n] [2:=0} "one is interested in studying the structure of
a monotone family F C {0,1}" (i.e. a family such that if x € F and z; < y; for all 7, then y € F). One
particularly useful idea is to see how much the measure of the family changes when increasing p, i.e. study
the behaviour of ju,(F) = Pry~y, [x € F] as a function of p. It is easy to see that this is an increasing
function of p, and the main point of this idea is that the rate of increase tells us a lot about the structure F
has. In a nutshell, unless the family F has some local, junta-like, structure, 'this increase must be sharp.
This idea plays significant role is various problems in analysis and extremal combinatorics, but seems to
be specific to the cube: one heavily relies on an ordering of {0, 1}" which makes sense with respect to
intersection problems, and such orderings do not exist on many other domains, such as [m]".

Our random gluing operator may be viewed as a natural extension of the above operator to [m]”, which
is also potentially more versatile and may be relevant in other domains. Given a £ < m and a family

"When p is bounded away from 0 and 1 this structure is simply a junta, but when p = o(1) or p = 1 — o(1), this structure
may be more complicated and is not fully understood. The notion of “local structure” in this case considered herein, corresponds
to having restrictions of the family F with significant measure.
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F C [m]™, we think of shrinking the alphabet (in each coordinate independently) from m to k, by identifying
each symbol ¢ € [m] with a symbol from [k]. ILe., given such identifications m;: [m] — [k] for each

i, one may consider the family 7 = {(m1(z1),...,m(zy)) |2 € F}. It is clear that such operation is
“friendly” with respect to intersection problems (e.g., if F is t-intersecting, then so is F). We show that
this operation, when sampling 71, . . ., 7, appropriately and considering an appropriate product measure on

[k]™, also enjoys the second effect of the “increasing p” idea from above. Namely, we show that unless F
has local structure (i.e, if F is global as per Definition 5.2), one can find a gluing operation that increases
the measure of F significantly.

The analysis of this gluing operation proceeds via noise stability and a new hypercontractive inequality
in general product spaces, which further extends our recent theory of global hypercontractivity introduced
in [15]. This part of the argument can also be viewed as a development of the Junta Method (see [4, 18, 15].)

The following is a precise statement of our junta approximation theorem, which is a stability theorem
of independent interest, describing the approximate structure of any (¢ — 1)-avoiding code with size that is
within a constant factor of the maximum possible.

Theorem 1.2. Foreveryt € Nandn > 0 there are ng and J in N such that if F C [m|" is a (t—1)-avoiding
code with m > 3 and n > ny then there is a t-intersecting J-junta J C [m]"™ such that |F \ J| < n|J|.

As mentioned above, Theorem 1.2 implies the result of [5], as a junta is far from being symmetric. The
assumption m > 3 is necessary, as when m = 2 we have symmetric examples as mentioned above. When
m > myo(t) is large we will in fact obtain a more precise statement: 7 will be a subcube of co-dimension ¢
and we will give effective estimates for the approximation parameter 1 (see Theorems 6.3 and 7.14).

Our first ingredient in the proof of Theorem 1.2 is a regularity lemma, showing that any code can be
approximately decomposed into a constant number of pieces, each of which is pseudorandom, in a certain
sense that depends on the size of m. When m < mq(t) is fixed and n > ng(t, m) is large, each piece is such
that constant size restrictions cannot significantly affect the measure. This is a strong pseudorandomness
condition, from which the proof can be completed fairly easily using a result of Mossel on Markov chains
hitting pseudorandom sets [22]. The idea is that, if two restrictions defining the regularity decomposition
agree in fewer than ¢ coordinates, then we can impose a further restriction to make them agree in exactly ¢ —1
coordinates, with no significant loss in measure by pseudorandomness. If our code is (¢t — 1)-avoiding these
restrictions must be cross intersecting, but Mossel’s result implies that this is impossible for pseudorandom
codes of non-negligible measure.

When m is large, one cannot obtain such a strong pseudorandomness condition in a regularity lemma,
so we settle for the weaker property of uncapturability. A family F C [m]" is said to be uncapturable if
it is not approximately contained in a union of constantly many “dictatorships”, i.e. families of the form
D ={x e [m]"|x;=j} fori € [n] and j € [m]|. We stress here that m is not thought of as constant,
so one cannot fix i and take D;_,; for all j € [m]. Our regularity lemma in this case shows that any given
family F may be decomposed into pieces, such that each piece is uncapturable. This weaker regularity
lemma makes it significantly harder to establish the ¢-intersection property as outlined above in the case that
m is fixed; the main issue is that uncapturability may not be preserved by further restrictions.

Furthermore, if m is ‘huge’ (by which we will mean exponential in n) then the cross-agreement state-
ment used for fixed m is false. To see this, consider the codes £ having all vectors with all coordinates even,
and O having all vectors with all coordinates odd. There is no non-zero agreement between £ and O, yet
they are both highly uncapturable, and have measure 2~" (which is non-negligible when m is huge).

The above example naturally suggests a further case: we say m is ‘moderate’ if it is large but not huge.
In this case, the high-level proof strategy is the same as for fixed m, although the required cross-agreement
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statement for uncapturable codes is difficult to prove, and this is where we need the most significant new
ideas of the paper (gluing and global hypercontractivity). On the other hand, when m is huge, the above
example shows that we need a different proof strategy. Here we draw inspiration from more combinatorial
arguments of Keller and Lifshitz [18] which we adapt to the setting of codes by thinking of F C [m]™ as
an n-partite n-graph (n-uniform hypergraph) with parts of size m. While the high-level strategy is similar
to that in [18], the implementation is quite different; for example, the key to bootstrapping in this case turns
out to be a subtle application of Shearer’s entropy inequality.

We write Sy, ¢ for a largest family among {S;,[m|™ : r > 0}. From Theorem 1.2, we see that if
a (t — 1)-avoiding code F C [m]™ is at least as large as Sy, + then it is close to a t-intersecting junta.
This raises the stability question for ¢-intersecting codes, which is the second ingredient in our proof of
Theorem 1.1: must this junta be close to an extremal result? When m is large compared with ¢, it is not hard
to show that such a junta must be close to a subcube of co-dimension ¢, i.e. the ball S; o[m]"™. For fixed m,
the picture is more complex, and the full range of balls can occur; nevertheless, we are able to establish the
required stability version of the Ahlswede-Khachatrian anticode theorem.

Theorem 1.3. Foreveryt € Nand e > 0 there is 0 > 0 such that if F C [m|™ is t-intersecting with m > 3
and |F| > (1 —0)|Spm.¢| then | F\ S| < €S| for some family S which is isomorphic to Sy, + = St.r[m]",
where 0 < r <t,andr =0ifm >t+ 1.

The proof of Theorem 1.3 uses a local stability analysis of the compression operator of Ahlswede and
Khachatrian [2], and also the corresponding stability result for ¢-intersecting families in the p-biased hyper-
cube obtained by Ellis, Keller and Lifshitz [6].

Notation. Throughout the paper, we write [m] = {1,...,m}. For any x,y € [m]"™ we write agr(z,y) =
I{i € [n] : x; = y;}|. We often identify a code F C [m]™ with its characteristic function [m]™ — {0,1}.

Given x € [m|® and R C [n] we define g € [m]® by (zr); = z;. Given disjoint R, R C [n] and
a € [m)F, a' € [m]®, we sometimes denote their concatenation in [m]"F by (zg = a, zp = d').

Given a € [m]" for some R C [n] we write Fla] = {z € F : 2z = a} and F(a) = {z € [m]\F .
(z,a) € F}. We also often denote F(«) by Fr—q-

For a coordinate i € [n] and symbol a € [m|, we write D;_,, for the subcube having all x € [m|" for
which z; = a; we will also refer to this as a ‘dictator’. More generally, for R C [n] and a € [m]® we write
Dr—a = NicrDisa; = {x € [m]" : xr = a}.

Given F C [m]™ and J C [n] we say that F is a .J-junta if there is A C [m]” such that ¥ = {x €
[m]™ : x5 € A}. When we do not wish to emphasize the set .J itself, we instead refer to such families as
|.J|-juntas.

We will deal with various product domains 2 = Q; X ... x €, mostly (but not only) with Q = [m]";
we reserve p to denote the uniform distribution over the domain under discussion (which will be clear from
context). For any probability measure v on 2 and 7 C Q we write v(F) = > _rv(z); similarly for
[:Q—= Rwewrite v(f) = Epur f(2) = Y crv(z) f(T).

We write a < b to mean that there is some ag(b) > 0 such that the following statement holds for
0<a<ag (b)
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Part I
Small alphabets

This paper has two parts. We will consider small alphabets in this part and large alphabets in the second
part. Here we will prove our main result Theorem 1.1 when the alphabet size m is small, i.e. ¢ and m are
fixed and n > ng(¢,m) is large. This part of the paper will consist of three sections. In the next section we
prove Theorem 1.1 for fixed m, assuming three key steps of the proof (those described in the introduction).
These steps are then proven as separate theorems in sections 3 and 4.

We start with the junta approximation, for which the two key ingredients are (i) a regularity lemma,
which approximately decomposes any code into pieces which are pseudorandom (in a sense to be made
precise below), and (ii) a theorem of Mossel [22] on Markov chains hitting pseudorandom sets which implies
that we can find a pair of vectors with any fixed agreement between any two pseudorandom families (of non-
negligible measure).

In proving the stability version of the Ahlswede-Khachatrian anticode theorem, the first key observation
is that for codes that are compressed (in a sense to be defined below), there is a natural transformation of
the problem to the p-biased hypercube, where the stability theorem has already been proved by Ellis, Keller
and Lifshitz [6]. This may at first not seem helpful for a general stability result, as compresssion destroys
structure, but in fact we can make a local stability argument, that keeps control of the structure under gradual
decompression, and thus deduce the general stability result.

For the bootstrapping step, the main ingredient is a ‘cross disagreement’ theorem, where given two
families 7 and G we need to find x € F and y € G with agr(z,y) = 0. We need this result in the
unbalanced setting with p(F) = 1 — o and p(G) = 3, where « and 3 are small, but « is large compared
with 8. The idea for overcoming this obstacle is to transform the problem via compressions to the setting
of cross-intersecting families 7 and G’ in the p-biased hypercube, where p = 1/m < 1/3. We then move
to the uniform (1/2-biased) measure, where by an isoperimetric lemma of Ellis, Keller and Lifshitz [7] the
measure of the family corresponding to G becomes much larger, so that a trivial bound implies that 7" and
G’ cannot be cross-intersecting.

2  Proof summary

In this section we prove Theorem 1.1 for fixed m assuming the three theorems (junta approximation, an-
ticode stability, bootstrapping) mentioned in the overview above, which we now state formally. The first
theorem (junta approximation) proves Theorem 1.2 when J and ng can depend on m and replaces the con-
clusion | F\ J| < n|J| by u(F\ J) < n, which is an equivalent form when m is fixed; it will then remain
to prove Theorem 1.2 for m > mg(t,n) sufficiently large (which we will do in Part II).

Theorem 2.1. For everyn > 0andt,m € Nwithm > 3 there are J and ng in N such that if F C [m|" isa
(t — 1)-avoiding code with n. > ng then there is a t-intersecting J-junta J C [m]"™ such that p(F\ J) < n.

The second theorem (anticode stability) is equivalent to Theorem 1.3 for fixed m and ¢, as we can bound
1(Sn,m,t) below by a constant.

Theorem 2.2. For everyt € N, m > 3 and € > 0 there is § > 0 such that if F C [m]" is t-intersecting
with ((F) = p(Spm,t) — 0 then u(F \ S) < € for some S which is isomorphic to some Sy, p,+ = St r[m]",
where 0 < r <t,andr =0ifm >1t+ 1
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The third theorem (bootstrapping) is an unbalanced cross disagreement theorem: it considers codes
G,H C [m]™ where H is small and G is almost complete, and finds z € F and y € G with agr(z,y) = 0.
We state it in a form that will also be useful later in the case that m is moderately large.

Theorem 2.3. For everyt € N and C > 0 there is €y > 0 such that if 0 < € < g and G, H C [m]™ with
w(H) = m~te and u(G) > 1 — Ce then agr(z,y) = 0 for some v € G and y € H.

Assuming these theorems, we now prove our main theorem for fixed m: the following is obtained from
Theorem 1.1 by allowing ng to depend on m.

Theorem 2.4. Forallt € N and m > 3 there is ng € N such that if F C [m]" is a (t — 1)-avoiding code
with n > ng then |F| < |Sp,m.t|, with equality only when F is isomorphic to a ball.

Proof Let0 < nyt < J7' < 6 < e < t7',m~'. Suppose F C [m|" is (t — 1)-avoiding with

|F| > |Sn,m,¢|- By Theorem 2.1 there is a ¢-intersecting J-junta J C [m]™ such that | F \ J| < §|J|. We
have u(J) > u(F) — w(F\ T) > pu(Snmt) — 0. By Theorem 2.2 applied to 7, there is a copy S of
1(Spm,¢) with (7 \ S) < e. Note that

0<&=puF\S) <p(FNT)+ T \S) <d+e <2
Suppose for contradiction that £ > 0. Without loss of generality, for some r < ¢ we can write
S={zem|":|[{ielt+2r]:z=1} >t+r}

By averaging, there is o € [m]l+%7) with |{i : a; = 1}| < t + r such that H := Flt+2r]—a has u(H) =
w(F\S) =& Wecan fix 3 € [m]"2" with |{i : 8; = 1}| >t + 7 such that agr(a, ) = t — 1. We have
W\ S)ppamss) < T U(F\ S) < ¥, 50 G = Firsarjoos has j(G) > 1 — m¥e.

By Theorem 2.3, with C = m?! and m’¢ in place of €, we find € G and y € H with agr(x,y) = 0.
However, this gives (o, y) and (5, x) in F with agr((«, y), (8,z)) =t — 1, which is a contradiction. ~ [J

3 Junta approximation

In this section we prove the junta approximation theorem for fixed m, i.e. Theorem 2.1. Our first ingredient
is a regularity lemma, showing that any code can be approximately decomposed into a constant number of
pieces, each of which is pseudorandom, in the sense that restrictions of constant size do not significantly
affect the measure. This regularity lemma is similar in spirit to that in [6, Theorem 1.7]; we refer the reader
to section 1.2 of their paper for discussion how such results are related to the large literature on regularity
lemmas in Combinatorics.

The second ingredient is a result of Mossel [22] on Markov chains hitting pseudorandom sets, which
implies that any two pseudorandom codes F,G C [m]™ of non-negligible measure cannot be cross inter-
secting, i.e. we can find a ‘disagreement’ (z,y) € F x G with agr(z,y) = 0. If F is (¢t — 1)-avoiding
this will imply agr(«, 3) > t for any pieces Fr_.q, Fr— g of the regularity decomposition of F that are
pseudorandom and of non-negligible measure. Indeed, if we had agr(«, ) =t — 1 — s with s > 0 then we
could arbitrarily fix a further restriction S — ~ with |S| = s to obtain pseudorandom families F (T,5)—(cy)>
F(1,5)—(8,7) that are cross intersecting, which is impossible. Here we are implicitly using the (important)
fact that pseudorandomness is preserved by constant size restrictions.
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3.1 The pseudorandom code regularity lemma

In this subsection we prove a regularity lemma which approximately decomposes any code into pieces that
are pseudorandom, in the sense of the following definition.

Definition 3.1. We say F C [m]" is (r, )-pseudorandom if for any R C [n] with |R| < r and a € [m]®
we have |u(Froa) — p(F)| < e.

Lemma 3.2. Forany r,m € Nande,§ > 0 there is D € N such that for any F C [m|" withn > D there
is T' C [n] with |T'| < D such that Prac v [Fr—a is not (1, €)-pseudorandom] < 6.

Proof. We construct T iteratively. Starting with 7' = (), we consider at each step the set A of a € [m]”

for which Fr_,, is not (7, e)-pseudorandom. For any a € A we fix b(a) € [m]®e for some R, C [n] with
|R,| < r such that ‘u(}"(T,Ra)H(a,b(a))) - ,u(}"T_m)‘ > e. If u(A) < § we are done; otherwise, we replace
T by Thew = T'U R where R = |, 4 R4 and iterate.

We will argue that this process stops with |7'| bounded by some function depending on m, 7, 4 and &,
but not on n. To do so, we apply a standard ‘energy increment’ argument to the mean-square density

E(T)= E_[n(Froa)?).
ac[m]T
Clearly, E(T") < 1forany T C [n], and E(T1) < E(1%) whenever T} C T5 by Cauchy-Schwarz.
We will show that E'(T") increases significantly at each step of the process. Indeed, comparing F(Thew)
and F(T) term by term, we have

E(Tnew) - E(T) = E E [M(f(T,R)%(a,b)ﬂQ - M(]:T—>a)2 = E [Var Za]a

ac[m|T | be(m]E ac[m|T

where we consider Z,(b) = u(F (1 r)=(a,b)) s a random variable determined by the random choice of
b ¢ [m]f. We have Var Z, > 0 for all a, and for any a € A we have Var Z,, > m~Falg? > m~7e? in light
of the restriction R, — b(a). Therefore, E(Thew) = E(T) + u(A)m=—"e? > E(T) + dm "2

In other words, as long as the process does not terminate, the energy function increases by at least
dm "2, As the energy is always at most 1, the process terminates after at most m” /de? steps. Each
restriction adds at most r new variables to 7', so in each step |Thew| < 2IT1. -, and so the final size of T is
bounded by some function of m, r, § and ¢. ]

3.2 Markov chains hitting pseudorandom sets

In this subsection we discuss a special case of a result of Mossel [22] needed for the proof of our junta
approximation theorem for small alphabets, which can be formulated in terms of Markov chains hitting
pseudorandom sets. We start by summarising some properties of Markov chains (see [20] for an introduc-
tion). We will consider finite Markov chains, i.e. a sequence of random variables (X;);>( taking values in
a state space S (some finite set) described by a transition matrix 7" with rows and columns indexed by S,
where for any event E' determined by (Xo, ..., X;) with X; = z we have P(X;11 = y | X; = ) = Ty,
We also view 7" as an averaging operator on functions f : S — R, corresponding to matrix multiplication
when we view f as a vector in R%: we have (T'f)(z) = E[f(X1) | Xo = 2] = >y Loy f (W) = (Tf)a-

We will suppose T is irreducible (for any x,y € S there is some k£ € N with Txky > 0) so there is a
unique stationary distribution (a probability distribution  on S such that vT" = v). The stationary chain is
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obtained by letting X have distibution v, and then each X; has distribution v. In the stationary chain we
have P(Xy = a, X1 = b) = Py, := v,Ty,. We say T is reversible if P is symmetric, i.e. Py = Py, for
all a,b € S (the name corresponds to the observation that the distribution of the stationary chain is invariant
under time reversal).

When T is reversible, it defines a self-adjoint operator on L?(S,v), i.e. functions f : S — R with the
inner product (f,g) = >, vy f(z)g(z), so L?(S,v) has an orthonormal basis B of eigenfunctions of 7.
We can write any f € L?(S,v) in the form f = Y, 5 cpb, and then Ef? = (f, f) = 3", 5 2. The largest
eigenvalue is 1, and the corresponding eigenspace consists of constant functions on S. If T'f = Af with
A# 1then Ef :=E,, f(z) = >, v.f(z) = (f,1) = 0. The absolute spectral gap A, is the minimum
value of 1 — || over all eigenvalues A # 1; equivalently,

(1= X\)? =sup{E(Tf)*> :Ef =0,Ef?* = 1}.

Now we describe a special case of [22, Theorem 4.4], and for that we require a basic set-up. Let T’
be a reversible, irreducible Markov chain acting on S = [m], and consider its tensor power T®" acting on
= [m]" independently in each coordinate, i.e. with transition matrix T%” = [~ Ty, In essence, [22,
Theorem 4.4] asserts that if 7" has a constant spectral gap, and we have pseudorandom codes F,G C [m]"
of noticeable measure, then sampling consecutive random states x,y of the stationary chain for T®", we
have that x € F, y € G with significant probability.

Theorem 3.3. Let T be a reversible Markov chain on [m| with absolute spectral gap A > 0. Let v denote
the stationary measure of T®™ and = and vy be consecutive random states of the stationary chain. Then
for any p > 0 there are €,c > 0 and r € N such that if F,G C [m]" are (r,c)-pseudorandom with
v(F),v(G) > pthenP(x € F,y e G) > c.

For convenience of the reader, we outline below the (standard) derivation of Theorem 3.3 from existing
results in the literature.

Deriving Theorem 3.3 from [22, Theorem 4.4]. Let B = {b1,...,b,} be an orthonormal basis for
L?(S,v) consisting of eigenvectors of 7. We take by to be the trivial eigenvector, i.e. bi(s) = 1 for all
s € S, which has eigenvalue 1. We remark that by the spectral gap of 7', it follows that the eigenvalue
of each b; for j # 1is at most 1 — \,. We will view each b; as a random variable on (5, v), and in this
language we have that Eb;b; = 1;—;. Using the basis B, we may find a basis for L?(S™, v®™) by tensorizing.
Namely, for each i € [n] we take an independent copy of B, say b = (bé : j € [m]), and then our basis is
n
b= (bj...jn)j1,. jncim)» Where by, ;= T] bi.i, denoted by. We can thus represent any function on {2 as
i=1
a multilinear polynomial P(b) = 3, cqb® where o ranges over [m]™ and b~ := [], b, .

This above view allows us to extend the definition of P to R™". A technical point to note, however,
is that even if our original function P was bounded on [m]™ (in our case, it is even be Boolean valued),
the extension to R™” may not be bounded. For this reason, one first applies a small noise on the function
P, i.e. considers Q(z) = T1—P(x) = Eg'~y_, o [P(2)] where for each i € [n] independently, 2} = z;
with probability 1 — 7 and otherwise z is resampled according to v (n > 0 is to be thought of as a small
constant, much smaller than the spectral gap A, of T"), and then truncates it. Namely, consider the multi-
linear extension of Q, Q(b) as defined above, and let P(b) = Q(b) if 0 < Q(b) < 1, P(b) = 1if Q(b) > 1,
and otherwise P(b) = 0.

Let x and y be sampled as consecutive random states of the stationary chain for 7", and let f(b(z)) =

lzer, 9(b(y)) = 1yeg. Our goal is thus to prove a lower bound on ., [f(b(x))g(b(y))]. The invariance
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principles of [23, 21, 22] allows one to establish non-trivial lower bounds on this quantity by considering its
“analog in Gaussian space”, provided that f, g are sufficiently random-like.
To be more precise, let us first consider by, j,(z) and by (y) where z and y are sampled as

consecutive random states of the stationary chain for 7™, Thus Eb; (x)b;/, (y) is zero unless ¢ = ¢’ and
[ il

Ji = ji,, and then it is equal to the eigenvalue \j, such that Tb;, = \;b;;. We now wish to define the
Gaussian analog of bj, _j (z) and bj, ;. (y). Let Z = {z1,...,2m, 2], ..., 2}, } be Gaussian variables

/

with the same covariance matrix. Namely, we take z; = 2| = 1, and 22,...,2y and 2},..., 2], are
jointedly distributed standard Gaussian random variables such that zo, . . ., z,, are independent, 25, ..., 2/,

are independent, and E [zjz;/} = E [bj(2)bj(y)] = Aj1j=j. We take n independent copies of Z, Z" =
{Z', ..., 2hm, 2", ..., 2"}, and then define Zj g = 1131 2%, and 27 = z];II zZ;-i. The random

variables z;, z; . are to be thought of as the Gaussian analogs of bj, ;. (z) and b, ;. ().

aJn? “ji,.g
Building on [23], Mossel [21] showed that for f, g: [m]™ — [0, 1] with “small enough influences”,? one
has E [f(b(x)) - g(b(y))] is very close E [ f(2)g(z' )} The arguments in [22] establish the same statement

with the more relaxed condition that f and g are (r, €)-pseudorandom (the term ‘resilient’ is used therein).
More precisely, Mossel showed that for all § > 0, there are r € N and € > 0 (also depending on m and the

spectral gap A, which are thought of as constants), such that ’]E [f(b(z))-g(b(y))] —E [f(z)g(z’)] ‘ < 0.

For f , the fact that f has averages at least  implies, by the invariance principle (i.e. the above with
g = 1), that f has average at least ;1/2; similarly the average of § is at least 11/2. Thus, E [f(z)g(z’)] >

c(Ax, 1) > 0 by reverse hypercontractivity (see [14, Theorem A.78] for example), and as this is close to
E [f(b(x)) - g(b(y))], we get that E [f(b(z)) - g(b(y))] = ¢/2, establishing Theorem 3.3.

The following result is an immediate consequence of Theorem 3.3, applied with the Markov chain 7" on
[m] which at each step moves to a uniformly random state different from the current state (note that A, > 0
when m > 3, but this fails for m = 2).

Theorem 3.4. For every m > 3 and j1 > 0 there are €,¢ > 0 and r € N such that if F,G C [m]" are
(r, e)-pseudorandom with u(F), i (G) > p and (x,y) is a uniformly random pair in [m]™ x [m]™ with
agr(z,y) = 0then P(x € F,y € G) > ¢, in particular, agr(x,y) = 0 for some (z,y) € F x G.

3.3 Approximation by junta

We conclude this section by proving Theorem 2.1.

Proof of Theorem 2.1. Lett,m € Nwithm > 3andn > 0, fix 0 < nal <D 'l'<r eyt tm!
and suppose F C [m]™ is (¢t — 1)-avoiding. By Lemma 3.2 we find 7" C [n] with |T'| < D such that

Pr [Fr_aisnot (r,e)-pseudorandom] < 7/2.
ac[m]T

We will show that the required conclusions of the theorem hold for the junta 7 = {x € [m]" |xp € J},
where
J={aecm]” | Fr—a is (r, £/2)-pseudorandom and yu(Fr—q) = 1/2},

2 We omit the definition of ‘influences’ for now, as we do not need it here, but it will reappear later in a more general context
when we discuss our theory of global hypercontractivity.
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i.e. that J is t-intersecting (equivalently, J is ¢t-intersecting) and F is approximately contained in J.
To see that J is ¢t-intersecting, suppose for contradiction we have a1, ay € J with agr(ag, ag) =t—1—s
with s > 0. Fix S C [n] \ T of size s and x € [m]® arbitrarily, and consider the families

G = {w S [m][”]\(TUS) (o, T, w) € .7-'}

for i = 1, 2. By definition of J both ;(G;) > u(Fa,) —€/2 = n/3 and G; is (r — ¢, ¢)-pseudorandom. By
Theorem 3.4 we find (wy,w2) € G1 X Go with agr(wy, we) = 0. However, this gives («y, z, w;) fori = 1,2
in F with agreement ¢ — 1, which is a contradiction.

It remains to bound p(F \ J) = > .q; m =T (Fr_sq). We partition [m]” \ J into (By, By) where
Bj contains those o € [m]” \ J with u(Fr_a) < 1n/2,and By = [m]7 \ (By U J). Clearly the contibution
to the sum from «v € Bj is at most 7/2. For o € By, we note that Fpr_,, is not (r, e/2)-pseudorandom by
definition of J, s0 3" cp, m™ T (Fr_,a) < pu(Bz) < n/2 by choice of T. Thus u(F \ J) < . O

4 Compression, stability and bootstrapping

In this section we prove the anticode stability theorem for fixed m, i.e. Theorem 2.2, and the bootstrapping
result Theorem 2.3. Both rely on a compression procedure, introduced by Ahlswede and Khachatrian [2],
which modifies any code in such a way to use some symbol (say 1) ‘as much as possible’, while maintaining
its size and not reducing its minimum intersection size.

In the first subsection we will formally define compression and prove some of its well-known properties.
In the second subsection we prove the stability result for compressed codes, by reducing it to the correspond-
ing stability result for ¢-intersecting families in the biased hypercube obtained by Ellis, Keller and Lifshitz
[6]. We deduce Theorem 2.2 in the third subsection, via a decompression argument, in which we reverse
the compressions while keeping control of structure via a local stability argument. In the final subsection
we prove Theorem 2.3, by using compressions to reformulate the problem in terms of cross-intersecting
families in the biased hypercube.

4.1 Compression

For any i € [n| and j € [m] we define the compression operator T; ;: [m]™ — [m]™ that replaces j by 1
in coordinate 7 if possible, i.e. for z € [m|" we let T; ;(z) = y € [m]™ where y, = x, for all 7 # 4, and
y; = x;if x; # jory; = 1if z; = j. We also define a compression operator, also denoted 7T} ;, on codes,
that replaces any vector x by T; ;(z) unless the latter is already present, i.e.

Tij(F) = {z | Tij(x) € FY U{Ti(x) [z € F}.

We also define T; = T; 90T 30...0T; p, forany s € n,and T' = Ty oTo o...0T,. One can think of 7" as
trying to set as many coordinates as possible equal to 1. We call F C [m]" compressed if T'(F) = F.
We need the following well-known facts about these compression operators.

Fact 4.1.
Let F,G C [m]™, i € [n] and j € [m].

1. We have u(T(F)) = pu(Ti 5(F)) = ().
2. If F, G are cross t-intersecting then so are 7} ;(F) and 7; ;(G), and so are T'(F) and T'(G). Further-

more, any x € T'(F),y € T(G) have at least t common coordinates equal to 1.
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Proof. Assume without loss of generality that i = 1. To see that ;(7; j(F)) = p(F), we consider any
z € [m]"!, note that vectors (a,x) with a € [m] \ {1, 5} are unaffected by 7; ;, and that T} ;(F) and F
contain the same number of elements of {(1, z), (j, z)}. By iterating we deduce u(7'(F)) = pu(F).

Next, suppose for contradiction that 7, G are cross t-intersecting but 77 () and 7 ;(G) are not. Then
there are (a,z) € T; ;(F) and (b,y) € T; ;(G) with agr((a, z), (b,y)) < t. As F,§ are cross t-intersecting
we cannot have both (a,x) € F and (b,y) € G, so without loss of generality (a,z) = (1, z) was obtained
from (j,z) € F. We must have (b,y) € G, as otherwise (b,y) = (1,y) was obtained from (j,y) € G,
but then (j,z) € F and (j,y) € G with agr((4,z), (j,y)) = agr((1,z),(1,y)) < t, contradiction. As
(j,x) € F and (b,y) € G we have agr((j,z),(b,y)) > t,s0b = j. As (b,y) € T;;(G) we must have
(1,y) € G. But now agr((j, ), (1,y)) < t gives a contradiction. Thus T} ;(F) and T} ;(G) are cross
t-intersecting. By iterating, so are T'(F) and T'(G).

Finally, suppose for contradiction that z € T'(F),y € T(G) have fewer than ¢t common coordinates
equal to 1. Let 2’ be obtained from x by setting z; = 1 if z; = y; # 1 or z, = x; otherwise. Then
a2’ € T(F) but 2’ and y only agree on coordinates ¢ with z; = y; = 1, which contradicts T'(F) and T'(G)
being cross ¢-intersecting. O

Next we will define a transformation from compressed codes in [m]™ to monotone® families in the cube
{0,1}™ that preserves minimum (cross) intersection size, and does not decrease the measure when we adopt
the p-biased measure on the cube with p = 1/m (as we will do throughout this section).

Definition 4.2. We define h: [m] — {0,1} by h(1) = 1 and h(a) = O for all @ # 1, and R®": [m]™ —
{0,1}" by h®"(z) = (h(x1),...,h(zy)). Forany F C [m]™ we let F = h®"(F) C {0,1}™.

Fact 4.3. Suppose F,G C [m]™ are compressed.
1. The family F is monotone and ,up(]? ) = p(F).
2. If F is t-intersecting then so is F.
3. If F, G are cross t-intersecting then so are F , G.

Proof. The intersection statements are immediate from the final part of Fact 4.1. For monotonicity, consider
any Z € Fand § > . Fix x € F with h®"(2) = 7, i.e. z; = 1 if and only if Z; = 1. Define y € [m]™ by
yi = 1if y; = 1 # 7; or y; = x; otherwise. Then y € F, as F is compressed, and R (y) =y,s09 € F.

To show 1, (F) > p(F) we consider intermediate product spaces {0,1}" x [m|"~" with the measure
vp =y, X p, and intermediate families 7, = (h®" @ I®"~")(T'(F)) for any 7 > 0. It suffices to show
Vi1 (Fry1) = vp(F,) forany r > 0. We can write

Vet (Fri1) — vn(Fp) = Z :up(x)m_(n_T_l)(Up(Bx,y,T) — Az yrl/m),
z€{0,1}" ,ye[m]n—r-1

where for 0 <7 < nandz € {0,1}", y € [m]" "1 we define

Apyr={ae€m]|(z,a,y) € F}, Byyr={a€{0,1} | (z,a,y) € Fry1}.

Thus it suffices to show ji,(By ) = Ayl gor 411 x,y. To see this, suppose first that |4, , | = 1. As

m

F is compressed we have A, » = {1}, 50 By y, = h(Azyr) = {1} and pp(Bryr) = p = |Azyrl/m.
Otherwise, if |A; | > 2 we have B,y = h(Azyr) = {0,1}, 50 pp(Beyr) =1 > |Agyr|/m. O

3We call A C {0,1}" monotone if y € G whenever = € G and = < y coordinatewise.
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4.2 Stability when compressed

In this subsection we prove Theorem 2.2 for compressed families, using the corresponding stability result
for ¢-intersecting families in the biased hypercube obtained by Ellis, Keller and Lifshitz [6], which we start
by stating. Given n,p,t, let Sy, denote a family S;,{0,1}" C {0,1}" with largest p-biased measure,
where r = 0,1,...,t —1and

§i,{0,1}" ={z {0, 1}": {iet+2r] iz =1} >t +7r}
The following is implied by [6, Theorem 1.10].%

Theorem 4.4. For everyt € N, ( > 0 and € > 0 there is § > 0 such that if F C {0,1}" is t-intersecting,
¢ <p<3—Cand py(F) = (1= 6)(Snps) then py(F\ S) < ep(S) for some copy S of Sppy =
Sir{0,1}", where 0 < r < tifp <1/3, andr =0ifp < H—Ll —C.

Using Theorem 4.4 we can prove a weaker version of Theorem 2.2, with the additional assumption that
F is compressed. This version will be used in the next subsection to prove Theorem 2.2 as stated.

Claim 4.5. For everyt € N, m > 3 and ¢ > 0 there is § > 0 such that if F C [m|™ is compressed and
t-intersecting with j1(F) = (1 —0)pu(Spm.t) then p(F\S) < ep(S) for some copy S of Sy m.t = St.r[m]",
where 0 <r <t,andr=0ifm >t+ 1.

Proof. Suppose F C [m]™ is compressed and ¢-intersecting with p(F) > (1 — 6)u(Sp,m,t), where 6 <
m~1,t71 . We consider FC {0,1}" given by Definition 4.2. By Fact 4.3, Fis t-intersecting, and
tp(F) = w(F) = (1 = 8)p(Snms) = (1 — 6)pp(Snps), where p = 1/m. By Theorem 4.4 we have
p(F\ S) < eu(8S) for some copy S of Snpt = Str{0,1}", where 0 <7 <t (asp =1/m < 1/3) and
r=0ifm >t+1(taking ¢ < 77 — 135)-

We show that the conclusion of the claim holds for S = {z : h%"(z) € S}, where h: [m]™ — {0,1}"
is as in Definition 4.2. To see this, first note that S is a copy of Sy, . . Furthermore, if z € F \ S then

h(z) € F\ S, and if x is uniformly random in [m]" then h®" (x) is distributed as f1,,, s0

Pr [z€ F\S]< Pr |h¥"(x) € F\S| = pp(F\S) <epp(S) = epl(S). O

zE€[m]™ z€[m)]

4.3 Decompression and local stability

In this subsection we prove Theorem 2.2 in general, deducing it from the compressed case proved in the
previous subsection, and for that we use decompression and local stability arguments. We start with a
proof sketch, where for simplicity we assume that m > ¢ + 1, so that the extremal examples are cubes of
co-dimension ¢.

Suppose F C [m]™ is t-intersecting with size close to the maximum possible. Let G = T'(F) be the com-
pressed form of F. By the previous subsection, G is close to a subcube, say S = {z |z1 = ... =z, = 1}.

We now decompress: we consider how the family changes as we undo the compression operators one
by one. First we note that undoing 7,7, _1,...,73+1 does not change the distance from S, so G; =
Ty o...oTy(F) has the same distance to S as G.

The main point of the argument is to analyze the effect of undoing T; for i = 1,...,¢. For j € [m)]
we let a; be the fraction of G;_1 with prefix (1t_17 j). If there is some j* with o« close to 1 then G,

“We state it in a weaker form where we do not specify the exact dependency between parameters, as we do not require this.
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is close to a subcube, and we can continue decompressing. Otherwise, we can partition most of G;_; into
two non-negligible parts such that the value of j in the prefix (1¢~1, j) always differs between the two parts.
However, as F is t-intersecting, this implies that the two parts must be cross-intersecting on the coordinates
[n] \ [t]; this will give a contradiction by the following form of Hoffman’s bound (which we will prove later
in a more general form, see Lemma 5.9).

Lemma 4.6. Suppose G1,Ga C [m]™ are cross-intersecting with 1(G;) = «; for i = 1,2. Then ayagy <
(1—a1)(l—ag)/(m— 1)2.

We start with a lemma that applies Lemma 4.6 to implement the idea discussed in the previous paragraph.
Recall that the largest intersecting codes in [m|™ are the ‘dictators’ D;_,; = {x : x; = j}. We show that
if A, B C [m]™ have nearly maximum size, are cross-intersecting and 7;(.A), T;(B) C D;_,1, then there is
some dictator D;_,; that essentially contains .A and . Recall that p = 1/m throughout.

Lemmad4.7. Let0 < ¢ < 1/15and m > 3. Suppose A, B C [m]™ are cross-intersecting with u(A), u(B) >
(1—e)pand T;(A), Ti(B) C D;—1. Then thereis j € [m] such that (1(AND;_;), p(BND;—;) = (1—3¢)p.

Proof. Without loss of generality we can assume ¢ = 1. As T} (A) C Dj_; we can write T7(A) as the
disjoint union over j € [m] of A; := {(1,2) : z € A1;}; in particular, A, ..., A, are disjoint. Similarly,
we may define By, ..., By, and have that By, ..., B,, are disjoint. For each j € [m] let o;; = p(A1,;) and
Bj = u(Bi-;). Then Y- a5 = p~'pu(A) > 1 —cand 3°; B = p~'u(B) = 1 — &. We need to show that
for some j € [m] we have a;, 5; > 1 — 3e.

To see this, suppose without loss of generality that o = a is largest among {c; }jerm) U {B; }jefm)- Let
87&1 = UjE[Q,m] Bj and /B?gl = ,UI(B;él) Then B;él = Zj;él Bj >1—¢e— 61 >1- Q] — E. As ./41 and
B are cross-intersecting, by Lemma 4.6 we have

a(l—ar—e) <afp < (1—a)(Bi+¢)/(m—1)* < (1 — )1 +¢)/(m - 1)%

Rearranging gives ((m—1)*—1)a1(1—a1) < (m—1)2a1+(1—a1))e < (m—1)%. Thus oy (1 —a1) <
4e/3, so either ai; < 3¢ or a; > 1 — 3e. We will show that the second bound holds.

Suppose otherwise. Then a; < 3¢ for all j € [m]. We can partition [m] as Q1 U Q2 so that for k = 1,2
we have > .o a; > (1 —e—3¢)/2 > 1/2 — 2. Without loss of generality } .. 8 = 1/2 —&.
Then Uje, B; and Ujeq,A; cross-intersect and both have densities at least 1/2 — 2e in [m]"~!, which
contradicts Lemma 4.6, as ¢ < 1/15. Thus ay > 1 — 3¢, as required. Now we apply Lemma 4.6 again to
Ay and By, which gives (1 —3¢)8.41 < o184 < (1 — a1 +¢€)p1/(m — 12 < %45 ‘1 =¢,50 B4 < 2e.
As 1 > (1 — €) — B4 this gives 31 > 1 — 3¢, completing the proof. O

We conclude this subsection with the proof of the stability theorem.

Proof of Theorem 2.2. Let0 < § < &' < ¢,t=!, m~!. Suppose F C [m]" is t-intersecting with pu(F) >
(1 — 0)pu(Sn,m,t). We can assume without loss of generality that for each i € [n], the most popular value
of z; for x € F is 1 (otherwise we simply relabel the alphabet in that coordinate). We set Fy = F
and for each i € [n] let F; = T;(F;—1). By Fact 4.1, F,, = T(Fy) is t-intersecting, compressed, and
w(Fn) = (1 = 8)pu(Snmye). By Claim 4.5, u(F \ S) < €'u(S) for some copy S of Syt = Str[m]™,
where 0 < r < t,andr = 0if m > t + 1. We write J for the set of coordinates on which it depends, so
|J| =t+2r.

We define ¢; for all i € [n] by u(F;NS) = (1 —&;)u(S). We note that u(F) = u(F,) < (1+&)u(S)
and u(F, NS) > (1 —& —0)u(S) = (1 — 2")u(S), so e, < 2¢/. We will show inductively that

13

5 Jul 2021 13:56:07 BST
210705-Minzer Version 1 - Submitted to Proc. London Math. Soc.



g; is suitably small for ¢ = n,n — 1,...,0. To prove the theorem, it suffices to show ¢y < £/2, as
P(FNS) < p(F) = p(FNS) < (1+e)u(S) — (1 —e0)u(S) < 2e01(S).

Note that if ¢ ¢ .J then S is i-insensitive, meaning that for all € [m]™ membership of = in S does not
depend on x;. For such i we have |T;(G)NS| = |GNS| forany G C [m]™, so u(F;—1NS) = u(F;NS),ie
e; = ;1. For i € J we will show that g; 1 < 3(t + 1)%¢;. This will imply g9 < (3(t + 1)3)l/le’ < £/2
as ¢/ < ¢, and so will suffice to complete the proof of the theorem.

Set J; := J \ {i}. Given y € [m]” and D C [m]", we use the abbreviation

D(y) i= Dy = { 2 € )"V

(y,2) € D} C [m]["]\‘]i.

We require the following claim, showing that if two J;-restrictions F;(y1) and F;(y2) are close to the same
i-dictator, where y1, y have agreement at most ¢ — 1, then this is also true of F;_;(y1) and F;_1(y2).

Claim 4.8. Suppose y1,yo € [m]” with agr(y1,y2) < t — 1 and u(F;(yx) N Di1) = (1 — €)p for both
k = 1,2, where 0 < & < 1/6. Then there is j € [m] such that both p(F;—1(yx) N Di—;) = (1 — 3&)p.
Moreover, for any j' # j, both p1(Fi—1(yx) N Di—yjr) < (1 —3&)p.

Proof. Note that F;_1(y1) and F;_1(y2) are cross-intersecting, as F;_1 is t-intersecting and agr(y1,y2) <
t—1. Let Ay = {z € Fi—1(yx) : Ti(x) € Fi(yx) N D;1} for k = 1,2. Then Aj, Az are cross-intersecting
and both p1(Ag) > (1 — &)p, so the existence of j follows from Lemma 4.7.

For the ‘moreover’ part, note that if j' # j, then (F;_1) .y, ;7 and (Fi—1) j_(ys,;) are cross-intersecting,
and applying Lemma 4.6 gives us that p((Fi-1) j(y, ;1)) < 1 — 3§. The same argument works interchang-
ing the roles of y; and y», and we get that 1(F;—1(yx) N Di—jr) < (1 — 3€)p. O

Using Claim 4.8 we now bound £;_1. We start with the case 7 = 0. Let 1 € [m]”¢ be the all-1 vector.
We have u(F;(1) N D) = p'tu(F; NS) = (1 — &;)p, so by Claim 4.8 with y; = yo = 1 there is
J € [m] such that p(F;—1(1) N D;—;) > (1 — 3¢;)p. The most popular value in F;_; of coordinate i is 1
(since this is the case in F), so j = 1. We deduce p(F;—1 NS) = pt L u(Fi—1(1) N Dis1) > (1 — 3e;)pt,
sog;_1 < 3¢;.

It remains to consider 7 > 1. We have m < ¢ + 1 by Claim 4.5. For a vector y € [m]" and j € [m], let
y[J] be the set of coordinates of i equal to j. We partition S as S = Sp U Si, where

So = {z € [m]": z|j, € Go}, Go:={y e [m]’i:|
o

Sy ={ze[m]": a5, €Gi}NDi, G = {y € [m]”

y[1]| >t +r—1},
yll}| =t+r—1}.

As Sy is i-insensitive, pu(F;—1 N Sp) = pu(F; N Sp). Now we wish to show that u(F;—1 N Sy) is large, i.e.
that p(F;—1(y) N D;1) is close to 1 for each y € G;. First we show this for F;.

Claim 4.9. ;(F;(y) N Di1) = (1 — (t + 1)3%¢;)p for each y € Gy.

Proof. To see this, we note that

eip(S) = u(S\ Fi) = p(S1\ F) = > p"l(p — w(Fi(y) N Dissn)).
y€G1

Each summand on the right hand side is non-negative, and |J| = ¢ + 2r < 3t, so for each y € G; we have
p— u(Fi(y) N Dis1)) < p(t + 1)3e;, so the claim holds. O
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Next we prove the corresponding claim for F;_1, although at first just with D;_,; for some j € [m];
the theorem will follow once we show that j = 1. We say that y € Gy is j-good if u(Fi—1(y) N Di—j) >
(1 - 3(t + 1)3t€i)p.

Claim 4.10. There is some j € [m| such that every y € G is j-good.

Proof. Note that for any y,y’ € G; with agr(y,y’) = ¢t — 1, by Claims 4.8 and 4.9 there is some j € [m]
such that both y and vy are j-good. The claim then follows from the observation that the graph G whose
edges consist of such pairs {y, 3’} is connected. (We can get between any two elements of G; by a sequence
of steps where in each step we change some coordinate from 1 to another value and some coordinate from
another value to 1, and each such step can be implemented by a path of length two in G.) O

It remains to show that j = 1. We consider 7 = 7o U 71, where 7o = {y € [m]" |y, € Go} = Sp and
Ti ={y e [m]"” |ys, € Gi1,yi = j}. Recalling that u(F;—1 N Sp) = u(F; N Sp), by the previous claim we
deduce pu(F;—1 NT) = (1 —3(t + 1)3;)u(T), so

(Fma \T) < p(Fiz1) — w(Fima N T) < 3(E+1)%e; + & <4t +1)%e,,

where in the second inequality we used p(Fi—1) = pu(F) < (1 +)u(S) = (1 + )u(T). Hence, for
¢ # j the fraction of z € F;_1 such that x; = £ is at most 4(t + 1)3te; + q(¢), where q(¢) is the fraction
of x € T that have x; = ¢; by symmetry, this value is the same for all £ # j, and we denote it by q.
The fraction of » € F;_1 such that z; = j is, for the same reasons, is at least q(j) — 4(¢ + 1)3's;. But
q(5) = q+u(G1) = g+ (t+1)73, 50 q(4) — 4(t + 1)3%; > q + 4(t + 1)3'e; (we can ensure g; < 1/8).
Thus j is the most popular value of coordinate ¢ in F;_1, so j = 1, as required. O

4.4 Bootstrapping

We conclude this part by proving Theorem 2.3, which completes the proof of Theorem 2.4. We will use
compressions to reduce to the cube, so we start with some remarks in this setting.

We consider {0, 1}" equipped with the uniform measure u. Suppose A, B C {0,1}". We say A, B are
cross-intersecting if for any x € A, y € B there is i € [n] such that z; = y; = 1. We say A, BB are cross-
agreeing if for any z € A, y € B there is ¢ € [n] such that x; = y;. Clearly if A, B are cross-intersecting
then they are cross-agreeing. We have the following easy fact, which is immediate from the observation that
if A, B are cross-agreeing and = + y = 1 (the all-1 vector) then we cannot have x € A and y € B.

Fact 4.11. If A, B C {0,1}" are cross-agreeing then u(A) + u(B) < 1.
We also require the following isoperimetric lemma of Ellis, Keller and Lifshitz [7].

Lemma 4.12. Suppose 0 < p < ¢ < 1, « > 0and F C {0,1}" is monotone. If pu,(F) > p* then
Nq(f) > q“.
Proof of Theorem 2.3. Let G, H C [m]™ with u(H) = m~tc and u(G) > 1—Ce, where 0 < e < t~1,C~L.

Suppose for contradiction that G and H are cross-agreeing. Let G’ = T'(G) and H' = T'(H), where T is the
compression operator and the operator F — F is from Definition 4.2. By Facts 4.1 and 4.3, G’ and H' are
monotone and cross-intersecting with 1,(G") > w(G) and g, (H') > p(H), where p = 1/m.

Now we consider G’ and H' under the uniform measure 1 = ju; /2. By monotonicity we have wu(g" >
p(G') > 1 — Ce. By Lemma 4.12, u(H') > pp(H)'%(1/2) | 50 logy u(H') > logy(mte)/ logy(m),
giving u(H') > 27807, asm > 3 and 1/ log,(3) < 0.7. However, 1 — Ce +27%%7 > lase < t71, 071,
which contradicts Fact 4.11.

O
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Part I1
Large alphabets

In this part we prove our main result Theorem 1.1 when the alphabet size m is large, i.e. m > mg(t). We note
that in this case Sy, = {x € [m|" : 2 = a} forsome T’ C [n] with |T'| = tand a € [m]. As mentioned
in the introduction, we cannot achieve such a strong pseudorandomness condition in our regularity lemma as
in the case of fixed m, so we settle for a weaker notion of ‘uncapturability’. We also recall that the strategy
for fixed m based on cross-agreements between pieces of the regularity decomposition cannot work when m
is ‘huge’ (exponential in n), so we give a different (more combinatorial) argument for this case in Section 7.
The bulk of this part is concerned with the case that m is ‘moderate’ (large but not huge), which we analyse
in the second section, via a version of the cross-agreement strategy implemented by a gluing argument that
exploits expansion under another pseudorandomness condition, namely globalness. The tools for this are
developed in the first section, in which we study our two pseudorandomness conditions (uncapturability and
globalness) and establish the small-set expansion for global functions via a refined version of our global
hypercontractivity inequality from [15].

5 Tools

This section concerns various properties of the pseudorandomness notions of uncapturability and globalness,
particularly a regularity lemma for uncapturability and a small set expansion property for global functions,
which is analogous to Theorem 3.3. The latter will be established via a corresponding statement for the
noise operator, which will be proved by a refined form of our global hypercontractivity inequality. Along
the way we record various facts needed here and later concerning Markov chains and the Efron-Stein theory
of orthogonal decompositions.

5.1 Uncapturability and globalness

This subsection contains the definitions and basic properties of the two key pseudorandomness conditions
used in this part. We start with uncapturability, which is the condition that will appear in the regularity
lemma in the next subsection. Recall that for 7 C [m]" and a € [m]F for some R C [n] we write
Fla] = {x € F: zp = o} and Fra = F(a) = {z € [m]M\E : (2,0) € F}. We also write
Dp_o ={z € [m]" : zr = a}, which is a subcube of co-dimension | R|, which we refer to as a ‘dictator’
if |R| = 1. For a collection of subcubes D, we denote by (J D the union of these subcubes, i.e. |Jpp D-

Definition 5.1. We say F C [m]" is (r, ¢)-capturable if there is a set D of at most r dictators with p(F \
UD) < e. Otherwise, we say F is (r, ¢)-uncapturable.

Now we define the stronger (see Claim 5.4) condition of globalness.

Definition 5.2. We say f : [m]® — R is (r,¢)-global if for any R C [n] with |R| < 7 and a € [m]¥ we
have || fr_all3 < €. We say F C [m]" is (, €)-global if its characteristic function is (r, £)-global.

Most of this section will be devoted to the proof of the following small set expansion property for global
functions, which is analogous to Theorem 3.3. We remark that we will later use Theorem 5.3 to prove that
random gluings significantly increase the measure of global families.
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Theorem 5.3. For any A\ > 0 there is ¢ > 0 such that the following holds for Markov chains T; on Q); with

M(T3) > A forall i € [n] and consecutive random states x,y of the stationary chain for the product chain
TonQ. If F C Qis (log(1/u), ut=¢)-global with j1 € (0,1/16) then P(z € F,y € F) < p**e.

We begin by giving two simple relations between uncapturability and globalness that will be useful for
us. The first property asserts that globalness implies very strong uncapturability.

Claim 54. Ify € (0,1)and 0 # G C [m]™ is (1, u(G)/v)-global then G is (ym/4, u(G)/2)-uncapturable.

Proof. Suppose D is a set of dictators with (G \ UD) < p(G)/2. We need to show |D| > ym/4. By
assumption 1(G;—q) < p(G) /7 for each D;_,, € D, so by a union bound

_ 1 u(G
w@2<u@nUD) < Y wGnDiy) = 3 mt p(Gise) < [Dim ).
DD DiaeD 7
Thus |D| > ym/2 > ~ym/4, as required. O

The second property shows that any family G with significant measure can be made global by taking
small restrictions.

Lemma 5.5. Let 0 < v < 1 and r,m,n € N. Forany G C [m|" there is R C [n] and o € [m]" with
|R| < rloqu(u(g)*l) such that G' = Gr—yq is (r, u(G")/v)-global with u(G") > p(9).

Proof. Starting with Gy = G, for each i > 0, if G; is not (r, 41(G;)/v)-global we let G; 11 = (Gi)Rr,—q,; for
some R; C [n] with |R;| < r and oy € [m]% such that 14(G;+1) > u(Gi)/~; such a restriction exists by
definition. As all measures are bounded by 1 there can be at most log., -1 (1(G )~1) iterations, at which point
we terminate with G’ = Gr_., with the stated properties. O

5.2 The uncapturable code regularity lemma

In this subsection we prove the following regularity lemma which approximately decomposes any code into
pieces corresponding to uncapturable restrictions.

Lemma 5.6. Letr,k,m € Nande > 1/m. Forany F C [m]" there is a collection D of at most r* subcubes
of co-dimension at most k such that Fr_.q, is (r,ep(D) ™ m~=*)-uncapturable for each D = Dp_,o € D
and u(F\ UD) < 3rktlem=",

Proof. We may assume F is (r, em~")-capturable, otherwise the lemma holds with D = {[m™]}. We apply
the following iterative process for s = 1, ..., k.

e We let D._, be the set of D = Dp_,, € D,_; such that Fr_, is (r, eu(D)~'m~F)-capturable,
where for s = 1 welet D) = Dy = {Dy_,p} = {[m]"}.

e For each D = Dp_,, € D._,, by definition of capturability we can fix a set D[D] of at most r
dictators such that u(Fr_o \ UD[D]) < ep(D)"tm=F.

e We define Ds = {D(g )~ (aa) : P = Dr—a € D,,_y, Disq € D[D]}.
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At the end of the process, we let D;c C Dy, be the set of D = Dp_,, € Dy, such that Fr_,, is (r,¢)-
capturable. We will show that D = (D1 \ D) U ... U (D \ D;,) satisfies the requirements of the lemma.

Clearly, for all D € D we have that F N D is (r,eu(D) ™ m~*)-uncapturable, and |D| < 7* as we
explore at most this many subcubes during the above process. We will bound p(F \ | D) by u(F \J(D U
D)) + u(F NUD,).

For the first term in the bound, we write F \ |J(D U D}) = UFZ1&,, where each

& =| J{Frsa \|JDID] : D = Dgya € D}

By definition, (€s) < >-pep, (D) - eu(D) " 'm=F = |DLlemF, so

k—1
wF\JDuDy) <em™> D < rhem .
s=0

For the second term in the bound, we note that if Dgr_,, € D;Q then Fr_ is (r,e)-capturable, so has
measure is at most 7~ + ¢ < (r + 1)e. Thus

w(F N UD%) < Z w(D)(r+ e < r*m™F(r + 1)e.

DeDy,

We deduce u(F\ UD) < p(F\UDUD,)) + u(FNUD,) < 3rFtlem*. O

5.3 Markov Chains and Orthogonal Decompositions

This subsection contains some further theory of Markov Chains, Efron-Stein orthogonal decompositions
and a general form of the Hoffman bound for cross-intersecting families in any product space. The results
are somewhat standard, but we include details for the convenience of the reader.

Let T be a Markov chain on S with stationary distribution v. The absolute spectral gap A, = A\.(T) is

(1—X)? =sup{E(Tf)*:Ef =0,Ef? = 1}.

Here expectations are with respect to v. If T' is reversible we can also view A, as the minimum value of
1 — |\ over all eigenvalues \ # 1. We start with a general lower bound for ..

Lemma 5.7. Let T be a Markov chain on S with stationary distribution v such that Ty, > av(b) for every
a,b € S. Then \.(T) > c.

Proof. By assumption, Sqp := Ty — av(b) > 0, with ), Sy =1 —aand ), v(a)Se = (1 — a)v(b).
IfEf = 0and Ef? = 1 then by Cauchy-Schwarz

E(Tf)* =) v(a)(Tf)(a) Z ZTabf Z Zsabf
Z ZSab ZSabf 1 -« Z Zsabf
(1—a) Zf Z ab_(1—a)2Zz/(b)f(b)2:(1—a)2. O

b
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Now we consider Markov chains 7; acting on §2; for ¢ € [n] and their tensor product 7' =T ® - - - ® T),
actingon Q = O @ - - - @ Q,,, with transition matrix Ty = [[;"; (7})z,y,. The stationary distribution of T
isv =11 ® - ® vy, where each v; is stationary for 7;. We will often have 2 = [m|™ and v uniform, but
we will also require the general setting.

We use the Efron-Stein orthogonal decomposition (see e.g. [25, Section 8.3]): for any f € L?(,v)
we can write f = ) SCn =9, where each f=9 is characterised by the properties that it only depends on
coordinates in S and that it is orthogonal to any function which depends only on some set of coordinates not
containing S; in particular, f=° and f=°" are orthogonal for S # S’. We have similar Plancherel / Parseval
relations as for Fourier decompositions, namely (f,g) = S oK [f~5¢7°], so E[f?] = S 4 E [(f~)%].
Explicitly, we let f</(z) = Eyw[f(y) | y7 = 27 and then we have =5 = 3, _o(—1)IS\VI £ (the
inclusion-exclusion formula for f</ = >° ScJ f=%). We note the following identity which is immediate
from this construction.

Fact5.8. For S ¢ T C [n], z € Qg and f € L*(Q,v) we have (f= ) sz = (fooa)=1 5.

We require the following general form of the well-known Hoffman bound (the uniform case was used in
Part I, see Lemma 4.6). We include the proof for completeness.

Lemma 5.9. Let v = [[;"_, v; be a product probability measure on [m|™ such that v;(x) < X < 1/2 for all
i € [n], © € [m]. Suppose G1,Ga C [m]™ are cross-intersecting with v(G;) = «; for i = 1,2. Then

ajag < (1i>\>2 (I —ag)(1— a).

The proof of Lemma 5.9 requires the following estimate.

Claim 5.10. Let U; be Markov chains on Q; for i € [n] and let U be the product chain on ). For any
f:Q—Rand S C [n] we have HUf:SH2 < Hf:SH2 [T = X(Uy)).
€S

Proof. Since f=9 does not depend on variables outside S, we may assume without loss of generality that
S = [n]. We introduce interpolating operators U<; = @/, U; ® @;_;,, Ii, where ; is the identity, and
g; = U<j =5 for 0 < j < n. Tt suffices to show ||g;|l, < (1 — Au(U;)) [|gj—1]l, for j € [n].
We calculate ||g; ||§ = E(Ujgj-1)* by conditioning on z € Q) 53, i.e.
E(Ujg;-1)° = E  [E(Ujhs)?],

ZVIn]\{5}
where k. := (gj—1) )\ (1> € L*(Q, ;). Note that for each z,
E (0] = B [(Ue/)(0)] = Vs (B [5602)] ) = Vss0 =0,

Ty Ty TV

so E(Ujh.)? < (1 — A (U))ER. As E,ERZ = Eg?, we get [lgll, < (1= Au(U)) llgj-1lye as
required. O

Proof of Lemma 5.9. For each i € [n] we consider the Markov chain U; on [m] with transition probabilities
(Ui)zz = 0and (U;) gy = vi(y) /(1 — vi(z)) for y # 2. We claim that

A
L= A(U) < 755 (1)
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This holds as for any f € L?([m],v;) with Ef = 0 and Ef? = 1 we have

2 2

U718 = S mte) | 32 720 10) | = 3 s | St s)

= I -y
-3 e s < (125 Suwrer = (125)

Next we note that if x ~ v and y ~ Ux then P(x € G,y € G2) = 0, as agr(x,y) = 0 by definition of
U, but Gy, Go are cross-intersecting by assumption. We can also write this probability as (g;, Ugz), where
g1,92: [m]™ — {0, 1} are the indicator functions of G;, Go. By orthogonality and Cauchy-Schwarz,

0= (7% Ug") =araa+ > (67°,Ugz®) = craa = Y _ [|g77|, |UgZ "

SCln] S#0 S0

By Claim 5.10 and (1) we have ||Ug5|| < (ﬁ) 8 |95°

, SO

A
mor < 3 (125) Il ol < 125 3 hor sl o1

S0 S£0
By Cauchy-Schwarz and Parseval

2

S lorS 1, 19250, | <SS 1S S 1oz |l; = Var(gr) Var(gz) = @i (1 — ar)as(1 — as).

S£0 S0 S0

2
We deduce (aa)? < (ﬁ) aras(1 — ag)(1 — asg), as required. O

5.4 Small set expansion via noise stability

The goal for the remainder of this section is to prove Theorem 5.3 concerning global small set expansion.
We start by reducing it to the case of a particular Markov chain, namely that given by the noise operator,
which we will now define. Let v = [[!", 1; be a product probability measure on Q = [, Q;. Fix
p € [0,1]. We let T; be the Markov chain on §2; with transition probabilities (T3),y = ply—z + (1 —p)vi(y),
i.e. from any state x we stay at x with probability p or otherwise move to a random state according to v;.
We let T be the product chain on €. We also write T' = T,. We call T, the noise operator when we think
of it as an operator on L?(,v) via (T, f)(x) = Ey~1,z [f(¥)]-

Recall that in Theorem 5.3 we want to bound P(z € F,y € F) for some F C €, when z and y are
consecutive states of the stationary chain for some product chain U on 2. The analytic form is to bound
(f,Uf) where f is the characteristic function of F. We will soon see that this can be bounded by an
analogous expression in terms of the noise operator, i.e. Stab,(f) := (f,T,f), which is called the noise
stability of f. For future reference we note the following estimate showing that a bound on the noise stability
for any given p > 0 implies one for all p < 1.

Lemma 5.11. Stab,(f) < || f[|3" "/ Stab(f)'/* whenever t = 24 with d € N.
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Proof. By Cauchy-Schwarz we have
Staby(f) = (f, Tpf) < Ifll 1T flly = [[f1lo /Staby2 (f)-

The lemma follows by iterating this estimate. O

We also need the following well-known formulae for the noise operator and stability.

Fact5.12. T,f(z) = Y. pl¥lf=%(x) and Stab,(f) = > pl° Hfstg'
5c[n] SC|n]

The following lemma reduces showing small set expansion of a general chain U to that of the noise
operator, provided that we have a uniform lower bound on the absolute spectral gap in each coordinate.

Lemma 5.13. Let U = [, U; be a product chain on Q = [[}'_, Q; with each \,(U;) > X. Then for all
f:Q— Rwehave (f,Uf) < Staby_x(f).

Proof. We use the orthogonal decomposition f = SCin] 5. We note that (=%, U f=T) can only be
non-zero if S = T, as U f=7 only depends on coordinates in 7'. Thus

FUH =3 S0 < 3 1B IL IS,
SCln] SCln]
Applying Claim 5.10 and Fact 5.12 completes the proof. 0
By Lemma 5.13, to prove Theorem 5.3 it remains to prove the following corresponding global small set
expansion theorem for the noise operator.

Theorem 5.14. For every p < 1 there is ¢ > 0 such that if f : @ — {0,1} is (log(1/p), u*~¢)-global with
€ (0,1/16) then Stab,(f) < plte.

A key ingredient in the proof is the following lemma proved in the next subsection via global hyper-
contractivity. First we introduce some notation. Given an orthogonal decomposition f = > SCn] =9 and

r >0 wewrite =" =37, f=%and f>" = f — f<". We say f has degree (at most) r if f = f=".
Lemma 5.15. Forany p < 1/80, if f: Q — Ris (r, 8)-global of degree r then

T, fll, < B4 FI1Y2.

Proof of Theorem 5.14. We start by showing that there exist p’, ¢ > 0 such that the statement of the theorem
holds with (', ') in place of (p, c). We take p' = 27209 and ¢ = 1/100. First we note that by globalness
(applied with no restriction) we have u(f) = E[f?] < u?. Letd = |/ log(1/u)]. We have

Stab,(f) = Y | 1755 < ST A8 £75); 4 ot Hf>de = (f T =) + o™ Hf>de'
SC[n] |S|<d

Clearly p®+! Hf>dH; < 22log(1/m) — ;2. By Holder’s inequality

<f7 Tpf<d> < Hf||4/5 HTpfgd

using Lemma 5.15 and | f|, /5 = 1(£)?/* (as f is Boolean), so Stab,(f) < (u?°)%/2 + p? < p' 0L

Now we will deduce the full version of Theorem 5.14, i.e. for any p < 1 there is ¢ > 0 such that the
statement holds. We let d = [log(p/p')], t = 2% and ¢ = ¢//4t. By Lemma 5.11 we have Stab,(f) <
||f|]§(171/t) Stabpz(f)l/t. We have Stab,,:(f) < Stab,(f) by monotonicity of p — Stab,(f) and p* < p'.
By globalness N(f) _ E[f2] < lec’ SO Stabp(f) < Iul(lfc)(lfl/t)Jr(lJrc/)/t _ lec+(c/+c)/t < ,U,lJrc. n

1/2
SN < ),
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5.5 Noise stability via global hypercontractivity

As mentioned in the previous subsection, in this subsection we will prove the noise stability estimate Lemma
5.15. We start with some definitions required to state our global hypercontractivity inequality. As before,
we consider a product measure v = [[;; v, on Q@ = [[;_; ;. For S C [n] we let vg denote the product
measure [ [;cq v on Qg = [[;c g .

Given f € L%(Q,v) with orthogonal decomposition f = scn f=% and T C [n], the Laplacian of f
according to 7' is the function Lz f: [m]|™ — R defined by

(L f) (= Z =5
SoT

If T is a singleton {i}, we denote the Laplacian by L;. We also require the following alternative, more
combinatorial, definition of the Laplacian. We let Ly be the identity operator. For i € [n], it is easily noted

that
(Llf)(x) = f(SU) - a_E ) [f(l‘l, ey Lg—1,A, Lijg1y v vy l‘n)]
Then, for T' = {iy,...,iq} with d > 2, one can show that L7 may be defined alternatively by composition,

ie. Lpf =L, (Li, (... (Li, f)...)). Itis not hard to check that this definition does not depend on order
in which the Laplacians are taken and is equivalent to the definition via orthogonal decompositions.

In the next subsection we will prove the following refined version of the global hypercontractive in-
equality on product spaces from [15]. For simplicity we only consider the version required for our purposes,
where we bound the 4-norm after applying noise by a function of the 2-norms of the Laplacians.

Theorem 5.16. Let (€2, v) be a finite product space. Then for every f: Q0 — R and p < 1/160 we have

1T, fll3 < Z E [(Lsf)s=ylls ]

Along with Theorem 5.16, the proof of Lemma 5.15 also requires the following consequence of global-
ness for norms of Laplacians.

Claim 5.17. Let f: Q — R be (r,e)-global, T C [n] with |T| < rand y € [m]". Then ||[(Lr f)1—yll, <
A7 /e,

The proof requires the following alternative formula for Laplacians.

Claim 5.18. Forany f: Q — R, T C [n] we have (L7 f)(2) = 3. (=1)¥Bacwy [f(zs = a,25 = 2g)].

ScT
Proof. We argue by induction on |T|. The claim is immediate from the definition for || = 0,1. Let
|T| =d+ 1> 2,and write T = T" U {i} with |[T’| = d. Then by definition and the induction hypothesis
(L7 f)(2) = Li(Ly f)(2) = L; Z sl g [f(zs =a,2g5 = 27)].
a~vg

ScT’

By linearity and the definition of L; we deduce

LeN@) =3 () E [f(iﬂs:a,ffszzs)—

ScT anvs

E |:f(l'5' =a,r; = b,fbm = ZSU{Z}):|:|

~U;

The claim follows as (a, b) is distributed according to vg (i) O
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Proof of Claim 5.17. By Claim 5.18 and globalness we have

Lrfroy(@) =D (=D E [fles = aom\s = yr\s, 27 = 27)]

scT anvs
=S O E (a0
scT anvs

and taking norm over z and using the triangle inequality yields

H(LTf)T—)sz < Z [HfT%(avyT\s
scr®

} <2l /z. O

We conclude this subsection with our estimate for noise stability of global functions.

Proof of Lemma 5.15. Suppose f: Q — R is (r, §)-global of degree r. Let p = 1/80. By Theorem 5.16

ITyerli< 3 B [lsTyans ol

ScCn]

By assumption on f we only need to consider |S| < r, and for such S by Claim 5.17 we have ||(Ls f) sy, <
2 _
2151\/B forall y € Q. As ||(Ls Ty o f ) syl < 4715 (Lo f) soyll5 we deduce

ITopetli<8 >0 B TIEsT1af)soylly]

SC[n]

We estimate each summand using Parseval as

B [0sTon)soll] = 347 =71 < 3 21~

y~v, 2

TDS TDS
o B Taflly < Y0 S 2T = S (1T = 1£15 O
SC[n)T2S TC[n]

5.6 Global hypercontractivity

We conclude this section by proving Theorem 5.16, via our global hypercontractivity inequality from [15].
We start by stating this inequality, for which we require some notation. Let Zq,...,Z, be independent

random variables, each with mean 0, variance 1 and E [|Z;|*] < 0; 2. For S C [n], we let Zg = [] Z; and
ieS
os = |] oi- We consider multilinear functions g(Z1,...,Z,) = > asZg withall ag € R. For S C [n]
i€S SC[n]

the discrete derivative of g at S'is dsg(Z) = é > arZy\s.
T35

Theorem 5.19 (Theorem 7.1, [15]). In the above set up, for p € [0,1/16] we have HTngi < Y ol 19sg]l5-
SCln]

We will reduce Theorem 5.16 to Theorem 5.19 as follows. Suppose (£2,v) is a product space with

Q = [m]" and f € L?(Q,v). We will simulate f via a function g : {0,1}"™ — R which takes nm
biased random bits {zw}le[n J,jem)» Where the bias of z;; is p;; = vi(j)/4. Let 055 = \/pi;(1 —pij)
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and x; (2 ;) = (zi; — p)/0i ;. We note that ; ; satisfy the conditions in the above setup, i.e. Ey; ; = 0,

Exi 1, Ex} ;<o JQ For any S C [n] and € Qg we define the corresponding character xg, :
{0,1}" — R for z = (z;; : © € [n],j € [m]) by setting x5,(2) = [[ Xi,z(%iz); We also write
i€S

= 1 iz, We then define g: {0,1}"™ — R by setting

€S
= Z Z 0S8,z ‘f:S(w)’XS,x(z)'

SCn] z€Qs

Claim 5.20. | T, £} < || Tap9ll;-

Proof. Let S be the set of (51,52, 53,54) where each S, C [n] and |[{« : i € S,}| # 1forall i € [n].
Expanding the definition of the left hand side, we can write

ITfli= & | > ARSI S|

(51,52,53,54)€S

Also, if S = (S1,...,5) € Sand x € Qg then E [Ha 1 08025, XSa, Isa} > [Leyspie./4) =
16~ US'I/US(:):), using E[(04,5xi,5)?] > pi,j/4 when g € {2, 3,4}, so expanding the right hand side

HT499H3 P Z Z (4p)\51|+...+|54| ‘f:SI (x)‘ . ‘f:S‘l (x)‘ 16_|US|VUS($)-
52(51,52,53,54)68 rEQg

As|US| < (|S1] + ...+ |S4])/2 the claim follows. O

To bound HT4ngfl we apply (4p)-biased hypercontractivity (Theorem 5.19), which is valid if 4p <
1/16. As 0%@ < vg(x) we get |]T4pg\|jll < > ws(z) H(‘?(S’m)gﬂg. Forany S C [n] and x € Qg we

SC[n],zeQg
have
2 -
Josasli= > 3 o 0ot @) <> B[ (@y)?),
Sx 728 yEQT\S TQSyNVT\S
— 2
as Usia(%,my) = U%\S,y < vp\5(y). By Fact 5.8 and Parseval we get Ha(Syx)gHz < (s f)s—zll3. s0

ITAfIE < ITgli € 30 ws@) I Lshsell3 = 3 B [ILsDsonl]

SC[n],xz€Qs SCln]

This proves Theorem 5.16.

6 Moderate alphabets

This section contains the proof of our main result Theorem 1.1 in the case of moderate alphabets, i.e.
m > my(t) is large, but not huge (exponential in n). As discussed previously, the strategy is inspired by
that for small m, but we must settle for a regularity lemma (Lemma 5.6) that only provides parts which are
uncapturable, so the proof of the junta approximation theorem becomes considerably harder.
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As in the case of small m, we want to show that the restrictions defining the regularity decomposition
form a t-intersecting family, so we need to find cross-agreements of any fixed size between two pieces of the
decomposition. Again we can reduce to finding cross disagreements by taking restrictions, but this reduction
is not immediate as with the stronger pseudorandomness condition in the first part, as uncapturability is
not preserved by arbitrary restrictions. We therefore start in the first subsection by proving a ‘fairness
proposition’ showing that random restrictions are unlikely to significantly reduce the measure of a code if
it is non-negligible (for which the threshold is such that this is only useful when m is not huge). In the
second subsection we then complete the proof of the main theorem for moderate m assuming the junta
approximation theorem, and of the junta approximation theorem assuming the existence of fixed cross-
agreements between non-negligible uncapturable codes.

The idea for finding cross disagreements is to apply the global small set expansion theorem from the
previous section to show that for any code of small measure we can substantially increase its measure by a
combination of taking restrictions and applying a gluing operation, in which we pass to a smaller alphabet
by randomly identifying symbols in each coordinate. Here we note that any cross disagreement after gluing
must come from a cross disagreement before gluing (this is why we will reduce to disagreements, as we
do not have any corresponding statement for finding cross-agreements of some fixed non-zero size). By
applying Hoffman’s bound to the glued codes rather than the original codes we thus obtain a much stronger
bound on the original measures.

We develop the theory of gluings in the third subsection, which we use for measure boosting in the fourth
subsection. We then prove the existence of fixed cross-agreements in the final subsection. The concept of
globalness is fundamental throughout, as it is needed for measure boosting, and also to maintain some
pseudorandomness condition throughout the repeated restrictions needed for measure boosting. Indeed, as
uncapturability is not preserved by arbitrary restrictions, we need a careful combination of taking restrictions
and upgrading uncapturability to globalness. We must also take care to remove extraneous agreements that
may be introduced by these restrictions, which is possible as globalness implies uncapturability, and the
definition of uncapturability is designed for this argument.

6.1 The fairness proposition

Here we prove the following ‘fairness proposition’, analogous to that proved for hypergraphs by Keller and
Lifshitz [18]. The proofs are quite similar, but we include the details for the convenience of the reader.

Proposition 6.1. For any § > 0 and s € N there is C' > 0 such that for any F C [m]"™ with u(F) > e/,
for uniformly random S € ([Z]) and x € [m]S we have P[u(Fsx) > (1 — &) u(F)] > 1 —6.

Proof. First we consider s = 1. Foreachi € [n],let V; = {a € [m] | u(Fz,—a) < (1 —O)u(F)}.
We suppose for contradiction that the probability of the complementary event is too large, i.e. that

1 n
P Vil=— S Vil > .
icln]acim] [a € Vi nm ;' >

Let I = {i€[n]||Vi| > %m} We note that -1 ZI Vil = 6/2. We consider uniformly random
1€

x € [m]"andlet Z = Z(x) = |[{i : x; € V;}|. Then Z(x) = ), 1x,ev; is a sum of independent indicator
variables with mean
EZ =Y _|Vil/m > dn/2.
iel
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Let 7' be the set of x € F such that [{i : z; € V;}| > (1 — §/2)EZ. By the Chernoff bound, p(F’') >
p(F) — e > (1 —5/2)u(F), provided C' = C(0, s) is sufficiently large.
Now we estimate F := E[Z(x)1xcr] in two ways. By definition of V; we have

E=m 3 S ey =m0 S Faal < SV - )u(F) = (1 - S)u(FIEZ.

zeF 1€l i€l acV; iel

On the other hand, by definition of 7’ we have

E>m™> (1-6/2EZ = (1-6/2)u(F)EZ > (1-6/2)°u(F)EZ.
zeF’

These bounds are contradictory, so the proof for s = 1 is complete.

For s > 2 we proceed by induction. We suppose that the statement holds for any 4’ > 0 and s’ < s
with C = C(d',s"). Welet & = §/2 and ' = s — 1 and consider uniformly random S’ € ([:/]) and
x' € [m]%'. By the induction hypothesis, which can be applied if we choose C'(4,s) > C(&, '), we have
P[E;(S',x')] > 1 — 0’ where F1(S’,x’) is the event that u(Fg/x/) > (1 — §")u(F).

For each S’, 2’ such that E1(S’,2) holds we consider S = S’ U {i} and x = (2/,a) € [m]S for
uniformly random i € [n] \ S” and a € [m]. We have p(Fsr_yer) > (1 — &) u(F) > e~ (r=s+D/CE1) for
large C'(9, s). Applying the base case to Fgr_,,» we have P[Ea(S, x)] > 1 —¢’. where F»(S, x) is the event
that 1(Fs_sx) > (1 — &) u(Fsr_spr). With probability at least (1 — §")2 > 1 — § both E; and F5 hold, and
we then have pi(Fs_yz) > (1 — &)2u(F) > (1 — §)u(F), as required. O

6.2 Proof summary

In this subsection we complete the proof of the main theorem for moderate m assuming the junta approxi-
mation theorem, and of the junta approximation theorem assuming the existence of fixed cross-agreements
between non-negligible uncapturable codes. As m is large, the largest ball is a subcube of co-dimension ¢,
S0 we can restate our main result for moderate m as follows.

Theorem 6.2. For any t € N there are mg, N € N such that if m > mg, n > Nlogm and F C [m]" is
(t — 1)-avoiding then | F| < m"~!, with equality only when F is a subcube of co-dimension t.

We will prove Theorem 6.2 assuming the following junta approximation theorem.

Theorem 6.3. For every t, k € N there exist C,mo, N € N such that if F C [m]™ is (t — 1)-avoiding with
m = mgandn > N log m then there is a t-intersecting collection D of at most C' subcubes of co-dimension
at most k such that u(F \ |JD) < Cm~*.

Proof of Theorem 6.2. Suppose F C [m]™ is (t — 1)-avoiding with u(F) > m~t. By Theorem 6.3 there
is a t-intersecting collection D of O;(1) subcubes of co-dimension at most ¢ + 1 such that u(F \ [JD) <
Oy(1)m~*1_ As D is t-intersecting, its subcubes all have co-dimension at least t. Let D’ consist of the
subcubes in D that have co-dimension t. Then u(JD \ UD') < Oy(1)m~ D, As O;(1)m~ D <
m~t < p(F) for large m we must have D’ # (). Thus D’ consists of exactly one subcube of co-dimension
t,sayS={zxem|"|z1=1,...,2, =1}

Write pu(F1) = 1 — e, where 0 < ¢ = m'u(S\ F) < m'u(F\ S) < Oy(m™"). Suppose for
contradiction € > 0. We claim that ¢ > e~2"/™_ To see this, fix any a € F \ S (using € > 0). Write
Hiet]:ai=1} =t—1—swiths >0, fixany S C [n] \ [t] with |S| = s, and let R = [n] \ ([t] U 5).
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For b = ag and ¢ € [m]f with agr(c,ar) = 0, we have (1*,b,¢) ¢ F (since (1*,b,c) and a agree on ¢ — 1
coordinates), giving |S \ F| > (m — 1) *"%,s0e > (1 — 1/m)" =% > ¢=2"/™ a5 claimed.

As u(F \ S) > m™'e, by averaging, we can fix 1* # z € [m]' with u(Fy_,) > m~'e. Write
{i € [t] : a; = 1}| =t — 1 — s with s > 0. Consider uniformly random S € ([n]s\[t]) andy € [m]S. Let
G = Fiyo1,8-y and H = Fy_,5 5,y By Markov’s inequality, P[u(G) > 1 — 2¢] > 1/2. By Proposition
6.1, P[u(H) > .9m~te] > .9. Thus we can fix (S, ) so that u(G) > 1—2¢ and u(H) > .9m~te. However,
G and H are cross intersecting, so this contradicts Theorem 2.3. Thus € = 0, as required. U

We conclude this subsection by proving Theorem 6.3 assuming the following result on cross-agreements
between uncapturable codes, the proof of which will be the goal of the remainder of this section.

Theorem 6.4. For any s,k € N there are r,mo, N € N such that if m > mg, n > Nlogm and A; C
[m]"NEs are (r, m=*)-uncapturable with |R;| < k for j = 1,2 then there are 7 € A; for j = 1,2 with
{i € ]\ (R1URy):z} =22} =s.

P =

Proof of Theorem 6.3. Suppose r,m, N > t, k and F C [m|" withn > Nlogm is (t — 1)-avoiding. By
Lemma 5.6 with ¢ = 1 there is a collection D of at most r* subcubes of co-dimension at most k such that
FRrosa is (r,m~F)-uncapturable for each D = Dr ., € D and u(F \ UD) < 3r¥*lem=". Suppose for a
contradiction that D is not ¢-intersecting. Then there are Dy;_,,; € D for j = 1, 2 (not necessarily different)
that agree on ¢t — 1 — s coordinates for some s > 0. Let A1 = Friy01 \ Ujepe\ g1 Dissaz C [m] [n]\R!
and define Ay similarly. Then Aj;, As are (r — k, m~*)-uncapturable, so by Theorem 6.4 there are 27 € A;
with [{i € [n] \ (R' U R?) : 2! = 2?}| = s. But then agr((a!,z!), (a?,2%)) = t — 1, which is a
contradiction. 0

6.3 Gluings and expansion

In this subsection we introduce our gluing operation and establish a small set expansion property for global
codes under random gluings.

Definition 6.5. Let £ < m € Nand b > 1. A b-balanced gluing from [m] to [k] is a function 7: [m] — [k]
such that |7 ~1(i)| < bm/k for all i € [k]. We let II,,, 1., denote the set of all such gluings. If b = 1 (which
is only possible when & | m) we may omit it from our notation.

A b-balanced gluing of [m]™ to [k]™ is a mapping 7: [m|® — [k]" of the form 7(z1,...,2,) =
(mi(x1),. .., mn(zp)) With my, ..., m, € Il 1. We let H%Tk,b denote the set of all such gluings; we may
omit the superscript if n is clear from context. For 7 C [m]™ and 7 € Hfflflk’b we write F" = m(F) C [k]"™.

Example 6.6. Consider the gluing 7: [3]" — [2]™ where for each i € [n] we have m;(1) = 7;(2) = 1 and
mi(3) = 2. Let F = {z € [3]" | |{i |z; = 1V a; = 2}| > 2n}. Then F has constant measure in [3]", but
F™ has exponentially small measure in [2]".

This example indicates that we should make a careful choice of measure in [k]™ for gluing to be useful.
Definition 6.7. Given a measure v on [m] and 7 : [m] — [k], we define a measure v™ on [k] by v™(z) =

> yen—1(z) V(y). Given a product measure v = [}, v on [m]” and m# = (m1,...,m,) with each 7; :
[m] — [k] we define a product measure v™ = [["_, vF on [k]" by (v™); = (1;)™ = Zyeﬂl(x) v(y) for
each 7. We say v is b-balanced if v;(z) < b/m for all i € [n] and z € [m].

Claim 6.8. With notation as in Definition 6.7, for any F C [m]™ we have v™ (F™) > v(F).
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Proof. For any y € [k]™ we have

v (y) = Hl/f(yl) = H Z vi(z;) Z HVZ x;) = Z v(z), so
i=1 =1 e () wen(y) wer ()
VI(FT) = Z Nyerr = Z Z Wyers > Z Z Lier =v(F). O
ye[k]" ye[k]™ zem—1(y) | zem—l(y)

Now we establish global small set expansion for random balanced gluings.

Lemma 6.9. With notation as in Definitions 6.5 and 6.7, there is ¢ > 0 such that the following holds. Let
s, k,m € Nbe suchthat k = m/s and s > 4, let v be an s-balanced product measure on [m|", and suppose

F C [m]"™is (log(1/ ), u'=¢)-global with ji € (0,1/16). Then Erenen V™ (F™)] = v(F)-

Proof. The plan for the proof is to show E[v™(F™)] > v(F)?/(f,Tf), where f is the characteristic
function of F and T' = [[!_; 7; is some product Markov chain on [m]™ with each A\.(7;) > 1/6. By
Theorem 5.3 this will suffice to establish the lemma.

To construct T', we first consider for each 7 the operator T3 : L2([m]",v) — L2([k]", ™) defined by
T F(y) = Exw [f(X) | 7(x) = y] for any y € [k]™. Note that v(F) = v(f) = v™(Tp f), as if y ~ ™ and
x ~v | m(x) =ythen x ~ v. Writing f™ for the characteristic function of F™, by Cauchy-Schwarz we

2
can bound v(F)? = Ex [VW(T;f)} as

g [rain) =gl m] <], | <]

2
T2
s JE (118

We note that Er [H I ||§VW} = Ex [V™(FT)] is the expression that we wish to bound. We write

[

where 7' is the reversible Markov chain on [m]™ characterised by the property that two consecutive states
x, X’ of its stationary chain are distributed as independent samples from v conditioned on 7(x) = 7 (x’) =
Yy, where ™ ~ Hfi"k and y ~ v™. We note that each of x,x’ then has marginal distribution v, which
is therefore the stationary distribution. As coordinates are independent, we can write 7' = [["_, 7; as a
product chain. To complete the proof, it remains to show each \.(7;) > 1/6. By Lemma 5.7 it suffices to
prove the following claim.

Claim 6.10. For any i € [n] and a,b € [m| we have p;(a,b) = P(x; =

QVJ: E [ff(X)|7(x) =n(x) = y] = (},T),

“><
I
=
\VY4
=

vi(a)v;(b).

To see this, we expand out the definition to write

o vi(a) v;(b 1
pi(a7 b) :IE Z Vi (])17r(a):7r(b):j V'ﬂ-( ) ﬂ.( ) = Vi(a)yi(b) Z IE |:17T(a)7r(b)j7‘“

JE[K]
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Each P(r(a) = w(b) = j) = + =L > 2%, so by Jensen’s inequality

7 (a)=j, l/l'(a)Vi(b) 1
w(b)j]/ 2k2 %;]Eﬂ[u;'(j)Iﬂ(a)=ﬂ(b)=j]'

As w1(5) consists of a, b and s — 2 uniformly random elements from [m] \ {a, b} we have

s—2

IE[VZT(j) |7(a) = m(b) = j] = via) + vi(b) + > vilx) < vila) + vi(b) + % < %

as each v;(y) < s/m = 1/k. Thus p;(a,b) > ﬁw(a)w(b) > = %ui(a)ui(b). This completes the
proof of the claim, and so of the lemma. O

6.4 Boosting measure

In this subsection we apply the small set expansion properties of random gluings established in the previous
subsection to prove the following result, which shows that the measure of any small code can be substantially
increased via restrictions and gluings.

Lemma 6.11. For every ¢ > 0 there is C > 0 such that for any b-balanced product measure v on [m|"™

with4 < b € Nand m > b°C, if F C [m]™ with v(F) = p < 167/¢ then there are 7 € T,y with
m!' > m/b?*“t and o € [m|E, where R C [n] with |R| < Clog(u™"), such that v™ ((F™)p_ya) = u°.

Proof. We start by applying an arbitrary b-balanced gluing g € Hfz"mo »» Where my is the largest power of

b that is at most m. Clearly vy := 1™ is b?-balanced. We let Fo = F™ C [mg]*°, where Sy = [n]. By
Claim 6.8 we have pg := vo(Fo) = p.

Now we apply the following iterative procedure for i > 0. Given F; C [m;], where Sy = [n], with
vi(F;) = pi > pand v; is a b>-balanced product measure,

1. if u; > u® we stop, otherwise,

2. if F; is not (log(1/p;), ui©)-global according to v;, where ¢ > 0 is as in Lemma 6.9, then by
definition we can choose Fi 11 = (Fi)r, sa, C [mir1]%1 with ;11 = vip1 (Fie1) > uz-lfc, where
I

mMi+1 = My, Viy1 = V5 and Sz’—i—l = Sl \ Ri for some RZ' with |R1| < log(l/,ui) and o € [ml

s

3. otherwise, as p; < p° < 1/16, by Lemma 6.9 we can choose Fi 11 = (F;)™ C [mgq1]%+ with
mi+1 = mi/bZ, Si—‘rl = SZ', T e Hmi’mi_’_l, and Hi+1 = Vi—l—l(]:i-i-l) Z /Ll-l_c, where Viy1 = VZT’

If C' > Cy(e, c) is large then this process terminates in at most C' steps, with some F, C [m,]°", where
m, > m/(b*“*1) and S, = [n]\ R, where R is the union of all sets R; in the process, so |R| < C'log(1/pu).
For i > 0 we let m;_,, € Il;, s, be obtained by composing all 7; with i < j < r. We define o € [m,]F
by ay = i ((ey)y) for x € R;. We let 1 = mp_,, and note that v™ = v, and F, C (F")Rr—a, SO
VI((FT) Rsa) = vr(Fr) 2 17 O

6.5 Uncapturable codes agree

In this subsection we prove our cross-agreement result for uncapturable codes, Theorem 6.4. As demon-
strated in Subsection 6.2, this will complete the proof of our main theorem for moderate alphabets. We
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start with an outline of the proof. We are given two uncapturable codes .4; and A5 and need to find a
cross-agreement of some fixed size s. Moreover, the coordinate sets may be slightly different: we have
Aj € [m]PN\Fs with |R;| < K for j = 1,2.

Step 1: Globalness. We would like to restrict to a common coordinate set, but we cannot do so imme-
diately, as uncapturability is not closed under restrictions. We therefore start by upgrading to globalness,
while avoiding unwanted agreements. We find a global code A} obtained from .4; by a small restriction.
We obtain A} from A, by removing any agreements with this restriction, using uncapturability to see that
Al is not negligible, and find a global code By obtained from .4} by a small restriction. Then we obtain a
global code B; from A} by removing any agreements with this restriction.

Step 2: Fairness. By the fairness proposition, we find a common restriction of size s by which we obtain
non-negligible global codes Cy, Co from By, Bo. It remains to show that Cq, Co cannot be cross-agreeing.

Step 3: Expansion. We apply measure boosting to find a gluing and restriction so that C» becomes some
Cl, with dramatically larger measure. We obtain C} from C; by removing any extra agreements created by the
gluing and restriction, and then C;" with non-negligible measure by applying the gluing that were found for

Ca. We now find a gluing and restrictions for C’ to get from it a family C{” with dramatically larger measure

than C{'. We then remove these restrictions as well as apply this gluing on C}, to get C}’ whose measure not
much smaller than that of C}. By averaging we can apply further restrictions without reducing measures to
obtain G1, G on a common set of coordinates.

Step 4: Hoffman bound. The measures of Gy, Ga are so large that they cannot be cross-agreeing, so we

find a cross disagreement, which corresponds to an agreement of size s in the original codes.
We proceed to the formal proof of Theorem 6.4.

Proof of Theorem 6.4. We are given (r,m~*)-uncapturable A; C [m]"\% with |R;| < k for j = 1,2,
and we need to find 27 € A; with [{i € [n] \ (R1 U Rs) : } = 2?}| = s, where n > N logm and
r,m, N > s k.

Step 1: Globalness. By uncapturability (A1) > m~*, so by Lemma 5.5 with v = m~ /10 and
7/100k in place of r we obtain A} = (A1) g, thatis (r/100k, u(A})/7)-global with (A7) > pu(Ar),
where |R}| < logy /,(1/p(A1))r/100k < 7/10. We note that Ay := Ay \ UiER’l Disa iy 1s (0.97, m=F)-
uncapturable, so (A5) > m~F. From Lemma 5.5 we obtain By = (A5) Ry oy, thatis (r/100k, u(B2)/7)-
global with p(B2) > p(A,), where |R,| < r/10. In particular, By # (), so Ry, — o has no agreement
with By — ay or By = of. Welet By = A} \ Ujep, Diosay(i)- By Claim 5.4, A is (ym/4, u(A})/2)-
uncapturable, so 11(B1) > 34(A}), which implies that By is (r/100k, 24(8B)/~)-global.

Step 2: Fairness. As n > Nlogm and N is large, we have u(By), u(B2) > %m*k > ¢ "/C where
C = C(s,0.1) is as in Proposition 6.1. Consider uniformly random S C [n] \ (R U R} U Ry U R}) of
size s and z € [m]S. For large n the distribution of S has total variation distance o(1) from the uniform
distribution on ("\F1UR1) *Thus by Proposition 6.1 we have P[u((Bi)s_z) = 9u(B1)] > .9 — o(1),
and similarly for B. Thus we can fix S and z so that both C; = (B;)s_,. have u(C;) > Ju(B;), so are
(r/100k,41(C;)/~)-global.

Step 3: Expansion. By Lemma 6.11 applied to C with e = 1/3k and b = 4, there are 7o € I, 1, 4
with mg = Qi(m), off € [ma]™2, where RY C [n] \ (R2 U R, U S) with |RY| < Og(logm) < n, such that
Ch = (C5*) ryvay has 5™2(C5) > 1//i. Let

Ci =\ | {Diva i € R, (ma)i(a) = (a3)s}-
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By Claim 5.4, C; is (ym/16, 11(C1)/2)-uncapturable, so 4(C]) > $u(C1). Let Cf = (C{)™. By Claim 6.8
we have ™2 (Cy) > p(Ch) = tm~*.

By Lemma 6.11 applied to C{ under the 4-balanced measure p™ with ¢ = 1/3k and b = 4, there
are 1 € Iy my.a With my = Qp(m), o € [m]®, where RY C [n] \ (R U R} U S) with |RY| <
Ok (logm) < n, such that " := ((C{)™ ) gy oy has p™°™(CY") > 1/1/m. Let

Y = Ch\ | {Disa 1 i € R, (m)i(a) = (af)i}.

Then p™(C4) > u(Ch) — Orp(m~tlogm) > 1/2y/m. Let Cy' = (C§)™. By Claim 6.8 we have
W CY) > u(CY) > /2y,

Step 4: Hoffman bound. By averaging, we can choose restrictions G; C [m;]"\F of Cj' for j = 1,2
where R = R UR]UR{URyURyURyUS such that both v(G;) > v(C}") > 1/2/m, where v = p™°™ is
16-balanced. By construction, the elements of G; for j = 1, 2 are of the form 7r17r2(x{n}\ R) where 27 € Aj;
with [{i € R\ (R1 U Ry) : #} = 22}| = s. By Lemma 5.9 applied with A\ = Oy (1/m) we can find a cross

i =

disagreement, which corresponds to z7 € A; with |{i € [n] \ (R1 U R) : 2} = 2?}| = s. O

P =

7 Huge alphabets

This section contains the proof of our main result Theorem 1.1 in the case of huge alphabets, i.e. when
n < N(t)logm, with N(t) as in Theorem 6.2. As previously discussed, there are examples showing that a
proof strategy based on cross agreements between uncapturable codes cannot work in this setting, so instead
we adopt a more combinatorial argument to obtain expansion in measure from a ‘shadow’ operation, which
is analogous (but quite different in various details) to an argument in the hypergraph setting due to Keller
and Lifshitz [18]. This operation requires us to consider more general agreement configurations (which are
anyway of interest) even if we only want to find pairwise agreements as in our main result. We introduce
these configurations and their interpretation in terms of expanded hypergraphs in the first subsection, and
prove an extremal result for configurations. In the second subsection we define our shadow operation and
establish two key properties , namely that a code with a given forbidden configuration (a) has an average
shadow with much larger measure, and (b) there is some shadow with much stronger uncapturability. We
extend these properties in the third subsection to iterated shadows when there is some forbidden configu-
ration with a ‘kernel’, i.e. some common intersection of all restrictions in the configuration. We apply this
theory to prove the junta approximation theorem in the fourth subsection. Then in the final subsection we
complete our proof via a bootstrapping argument based on Shearer’s entropy inequality.

7.1 Hypergraphs

When m is huge, it is natural to view a code F C [m|™ as an n-graph (n-uniform hypergraph) which is
n-partite (each edge has one vertex in each part) with parts V1, ..., V,, where each V; = { (i,a) |a € [m]},
identifying any = € [m|"™ with {(¢,a) : x; = a}. This setting is most convenient for introducing general
agreement configurations in the following definition, as these are a natural partite variation on the well-
studied topic of expanded hypergraphs (see the survey [24]).

Definition 7.1. An (-configuration is a pair (#,P) where H is a multi-¢-graph and P = (Uy,...,Uy) isa
partition of V' (?{) such that each edge has one vertex in each part. We identify any H with its multiset of
edges {e1,...,ep}, so its size h = |H| is its number of edges. We often omit P from our notation. The
density of H (with respect to P) is yu(H) = |H| [T, |Ui|~*. The kernel of H is K (H) = (1, e:.
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The n-expansion H* (n) of H is the n-configuration obtained by adding disjoint sets S; of n — ¢ new
vertices to each e;, forming new parts Uy 1, ..., Uy, so that each S; has one vertex in each new part. We
say that F,...,F C [m]™ cross contain A if they do so for H T (n) when viewed as n-graphs, i.e. there
are 2/ € Fj for j € [h] and an injection ® : [¢] — [n], so that for any j, j/ € [h] and i € [n] we have

x] = x] exactly when i = ®(k) for some k € [(] and e; Ne;r N Uy, # 0. We say that 21, . .., xj, realise 1

in Fi,...,Fp. If F; = F for all ¢ we say that F contains H, otherwise we say F is H-free.

Example 7.2. A code F C [m|" is (¢t — 1)-avoiding if when viewed as an n-partite n-graph it does not
contain two edges e, ¢’ with |e N €| = ¢ — 1; equivalently, F is H-free where H is the multi-(¢ — 1)-graph
with two identical edges.

The main result of this subsection is the following extremal result for cross containment at constant
densities (this suffices for our purposes, so we do not investigate the optimal bound).

Lemma 7.3. Forany ¢, h € N there is C' > 0 so that if H is an {-configuration of size h and F1, ..., Fy, C
[m]™ with each ju(F;) > &, where n > C'log(e ') and m > 2hn/e, then Fi, ..., Fy, cross contain H.

The proof will reduce to the case when H is a matching, as in the following claim.

Claim 74. If Fi,...,Fn C [m]™ with m > hn/e and each p(F;) > € then Fi,...,Fy cross contain a
matching.

Proof. We choose disjoint edges e; € F; for 7 > 1 according to a greedy algorithm. Each choice reduces
the density of any F; by at most n/m < €/h, so the algorithm can be completed. O

Proof of Lemma 7.3. Write H = {e1,...,ep} and let (Uy,...,U,) be the fixed partition of H. We identify
each F; with an n-partite n-graph with parts V; = {(i,a) : a € [m]}. We consider uniformly random
injections ® : [¢] — [n] and ¢;: U; — Vg(;) for each j € [f]. Each edge e; then defines a restriction
g = (.Fi)@([@])ﬁ\ai, where aﬁb(j) = ¢j(ei N Uj) for j € [f]

We let C = C(¢,1/2h) be as in Proposition 6.1, which is then applicable as u(F;) > ¢ > e /¢,
giving P[u(G;) > (1 —1/2h)pu(F;)] > 1 — 1/2h. By a union bound we can fix ® and ¢1, . .., ¢; so that all
1(G;) > /2. Then Gy, . .., G, cross contain a matching, so F1, ..., Fj, cross contain #. O

7.2 Shadows

In this subsection we define our shadow (projection) operation and establish its two key properties mentioned
above (boosting measure and strengthening uncapturability).

Definition 7.5. For 7 C [m]" and i € [n], the i-shadow of F is 0;(F) = U,epn) disa(F), where
Oisa(F) = Fia C [m]"~ L. For I C [n] we let 1 be the composition (in any order) of (9; : i € I).

The next lemma, analogous to a lemma for hypergraphs in [19], shows that shadows have significantly
larger measure on average if we forbid a configuration with the following ‘flatness’ property.

Definition 7.6. The centre of a configuration is the set of vertices contained in more than one edge.
We say that a configuration is flat if each part has at most one vertex in the centre.

Lemma 7.7. Suppose H is a flat (-configuration of size h and F C [m]™ is H-free, with n > hf. Then
[FI < h 2y |0i(F)L.
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Proof. Let F' be obtained from F by the following iterative deletion procedure starting from 7' = F: if
there is any i € [n] and y € 0;(F") such that at most & choices of = € F' with x,)\; = y then we delete all
such z. Any y € 0;(F) is considered at most once in this procedure before it is removed from the shadow.
Thus the number of deleted sets is at most oy ;- ; |0;(F)|, so it suffices to show F' = §.

Suppose for contradiction F' # (). We will show that F contains H. We write H = {e1,...,en},
denote the parts of by Uy, ..., Uy, and fix u; € U, for each j € [¢] so that each vertex of U; other than u;
is contained in at most one edge. Fix any z € F’. We will construct 2, . .., 2" € F’ realising A according
to injections ¢; : U; — [m] so that SL‘; = ¢j(e; NUj) and x; = ¢j(u;) foralli € [h] and j € [¢]. As H is
flat this can be achieved greedily. Indeed, to construct 2’ we can start from 2 = 2 and one by one for each
Jj such that e; N U; # {u;} replace x; by some new value not yet used in coordinate j, which is possible as
there are at least h + 1 choices for x; for any given xfn]\ Uy However, F is H-free, so we have the required
contradiction. O

We conclude this subsection by showing under the same conditions as the previous lemma, that if a
code is uncapturable, then it has some shadow is significantly more uncapturable. The key point is that the
uncaptured measure is increased by a factor Q(m/n), albeit at the expense of only considering restrictions
that are n times smaller.

Lemma 7.8. Suppose H is a flat {-configuration of size h and F C [m]™ is H-free, withn > hl. If F is
(r, €)-uncapturable then 0;(F) is (r/n,em/nh)-uncapturable for some i € [n].

Proof. We suppose each 0;(F) is (r/n, d)-capturable and show that § > em/nh. By definition, for each
i € [n] there is a collection D; of at most r/n dictators in [m]™\{%} such that u(9;(F) \ UD;) < 5. We
let D = |J!_, D; where now we consider each dictator in [m]™. Then p(F \ |JD) > e by uncapturability.
Applying Lemma 7.7 to F \ |J D, noting that each 9;(F \ |JD) C 9;(F) \ U D;, we have

IFANUDI< s> o)\ JDil < b om™ Y,
i=1
soe < w(F\UD) < dhn/m,ie.d =em/nh. O

7.3 Kernels and iterated shadows

In this subsection we consider configurations with a non-trivial kernel (intersection of all edges), for which
we show that they remain free of some configuration under iterated shadows (as many as the size of the
kernel), so the results of the previous subsection on single shadows become correspondingly stronger in this
setting. First we introduce some convenient notation.

Definition 7.9. Given an /-configuration , we write H @ [t] for the (¢ + ¢)-configuration with ¢ additional
parts of size 1 where each edge of H is extended to also include the ¢ new vertices.

Given an /-configuration H on v vertices, we let flat(?) be the v-configuration obtained by taking a
copy of H with one vertex in each part and adding to each edge e disjoint sets S, of v — £ new vertices.

Remark 7.10.

1. Any (flat) configuration with a kernel of size ¢ may be expressed as H @ |t] for some (flat) configuration
‘H with no kernel.

2. If H is flat and contained in 4’ then 7 is contained in flat(#’).
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Lemma 7.11. For any (flat) configuration H there exists a (flat) configuration H' such that for all t € N
there exist mo,ng € N such that if F C [m|™ with n > ng, m > mg is H & [t]-free then 0;(F) is
H' @ [t — 1]-free for all i € [n)].

Proof. Consider any ¢-configuration H of size h. We let C' = C'({ + t, h) be as in Lemma 7.3, ¢ = 1/2h,
n1 = 2Clog(e™'), m1 = 3hn/e, and then prove the statement for ' = [m1]™, the complete n1-partite
nq-graph with parts of size mj. We note that if  was flat initially, then one can take flat(#') instead of H’
to preserve flatness, and the correctness follows from the analysis below and by Remark 7.10.

We show the contrapositive statement, i.e. that if J;» (F) contains H' @ [t — 1] for some i* € [n] then
JF contains H @ [t]. The version for flat configurations will then follow by Remark 7.10.2.

By relabelling we can assume that we have X = {x(y) : y € [m1]™} C F where each x(y),,] = v,

there is some T' € ([”1\_[71“]) such that z(y); = 1 forall i € T, and x(y); # x(y'); whenever y # 3’ and
i ¢ [n]\ (TU[ni]U{i*}). We m-colour [m;]™ as Cy,...,Cp, where each C; = {y : x(y)i~ = j}.

Note that if some £1(C;) > ¢ then applying Lemma 7.3 with 71 = --- = F}, = C; we find a copy of H
in Cj. The corresponding z(y) € F for each y in this copy agree outside [n;] in coordinates 7" U {i*} and
no others, so we obtain a copy of H @ [t] in F.

Thus we may assume that each (Cj) < €. By repeated merging we can form ‘meta-colours’ C1, . .., Cpy,
each of which is a union of some of the C;’s, such that each u(C) € (e,2¢), som' > 1/2¢ = h. By
Lemma 7.3, C,. .., Cy cross contain 7 @ [1]. The corresponding z(y) € F for each y in this copy agree
outside [n;] in coordinates [T'] and no others, so again we obtain a copy of H & [t] in F. O

The following corollary is immediate by iterating Lemma 7.11.

Corollary 7.12. For any (flat) configuration H and t € N there exist mg,ng € N and a (flat) configuration
H' such that if F C [m]™ withn > no, m > my is H @ [t]-free then O1(F) is H'-free for all I € ([Z}).

We also have the following corollary giving improved estimates on measures and uncapturability of
iterated shadows.

Corollary 7.13. For any flat configuration H and t € N there exist mg,ng € N and C > 0 such that for
any H & [t — 1]-free F C [m]"™ withn > ng, m > my,

1 |F| < sze([fj]) 01 (F)

il

2. if F is (r,€)-uncapturable then Or(F) is (r/nt, (m/n)te/C)-uncapturable for some I € ([7;}).

Proof. We argue by induction on t. The base case ¢t = 1 is given by Lemmas 7.7 and 7.8. Now sup-
pose t > 2. By Lemma 7.11 there is a configuration ' depending only on # such that each 9;(F) is
H @ [t — 2]-free. The induction hypothesis of (1) gives C' = C(H',t — 1) such that each |0;(F)| <
C' Y {0y (F) : I € (t[f]l)}, which proves (1). For (2), if F is (r, €)-uncapturable then by Lemma 7.8
the family 0;(F) is (r/n,em/n|H|)-uncapturable for some i € [n]. By the induction hypothesis of (2),
drugiy(F) is (r/nt, (m/n)'e /C)-uncapturable for some I € (["gi{f}), which proves (2). O

7.4 Junta approximation
In this subsection we prove Theorem 1.2 in the case that m is huge (at least exponential in n).
Theorem 7.14. For any t, N € N there are K,ng € N such that if F C [m]™ is (t — 1)-avoiding with

n > ng and m > 2"V then there exists a subcube D of co-dimension t such that i(F \ D) < 27"/ Em=1,
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Proof. We apply Lemma 5.6 withr = n', k =tande = 22/ K > 1/m, where K,ng > t, N, obtaining a
collection D of at most 7% = n'* subcubes of co-dimension at most ¢ such that F_,q is (r, ep(D) " m™)-
uncapturable for each D = Dg_,o € D and u(F \ JD) < n?’em~t. We let Dy be the set of subcubes in
D of co-dimension d. To prove the theorem, it suffices to show that (a) Dy = ) for d < t, and (b) |Dy| < 1.

To see (a), suppose for a contradiction that Dr_,,, € D;_1_5 with s > 0. As F is (t — 1)-avoiding,
FRr—a is s-avoiding, i.e. is H @ [s]|-free, where H is the flat O-configuration consisting of two copies of the
empty set. By Corollary 7.12, there is some flat configuration ' such that 9y (Fr—,o) is H'-free for any
Ie ([n]S\R). By Corollary 7.13, as Fr_q is (nf, em~*~!)-uncapturable, there is some I € (["]S\R) such that
G = 01(Froa) is (n'7%, /0y (mn?))-uncapturable.

To obtain the required contradiction we will show that G contains H'. Write |H'| = h' = O4(1). Let
J be the set of all dictators D;_,, such that (G, ) > €2/n? We claim that | 7| < h'. To see this,
suppose on the contrary that 7 contains D;1_,q1,..., D, . Let I' = {it, ... ,ih/}. By averaging, we
can fix 27 € [m]! for j € ['] such that a:zj = a’, xgj, # o’ for all j/ # j, so that F; = Gp_,,; has
w(F;) > 2 /2n% However, then H' is cross contained in J7, . . ., F» by Lemma 7.3, applied with £2 /2n?
in place of ¢ (using n > C'log(2n?/e?) and m > 2hn - 2n?/&? for large K). Thus | 7| < I/, as claimed.

By uncapturability of G, writing G’ = G \ |J J we have u(G') > £/O;(mn?®) > £2/m. By Lemma 7.7
we can fix i* € [n]\ (RUI) with |G’|/h'n < |0;+(G")|. We fix any partition (F, : a € [m]) of 9;(G") such
that each 7, C O;+—q(G"). Then Y, pu(Fh) = u(0G") > u(G"ym/h'n > &/W'n. Also, by definition of
J each p(F!) < €%/n%. By repeated merging we can form a partition P of [m] such that each S € P has
>acs H(FL) € (€2/n?, 2% /n?). Then |P| > K, so we can choose Si, . .., Sy in P and apply Lemma 7.3
to see that Fi, ..., Fj cross contain H', where each F; = | acsS; F!. This completes the proof of (a).

To see (b), suppose for contradiction that we have distinct subcubes Dp,q; for j = 1,2 of co-
dimension ¢. Suppose they agree on ¢t —1 — s coordinates, for some s > 0. Consider G1 = Fr, a, \FRy—an
and Go = Fr,—a \ FRy—a,- By uncapturability, both 1(G;) = & > e™/¢, where C' = C(s,0.1) is as in
Proposition 6.1, as K is large. Consider uniformly random S ~ (["}\(PEURQ)) and x € [m]S.

By Proposition 6.1 both P[1((G;)s—x) = -9u(Gj)] > .9 — o(1), as S is total variation distance o(1)
from uniform on ([”]:Rj). Thus we can fix S, x so that both G} = (G;) s have 11(G}) > .9¢. By averaging,
we can fix some Gi' = (G1) p,\ gt With (G1') > 11(G1) > .9¢, and similarly some Gy. Then G, G5 are
defined by restrictions of F to R; U Ry U .S with agreement exactly ¢ — 1, so must be cross intersecting.
However, m > 2"/N >> ¢~ for large K, so this contradicts Lemma 4.6. O

7.5 Bootstrapping

We conclude this part with the bootstrapping step that completes the proof of our main theorem for huge
alphabets, which we restate as follows.

Theorem 7.15. For any t, N € N there is ng € N such that if n > ng, m > 2N and F C [m]™ is
(t — 1)-avoiding then | F| < m"~*, with equality only when F is a subcube of co-dimension t.

We require Shearer’s entropy lemma [3], as applied to the projection operators Ilg = Jj,,\ s on [m]™.
Lemma 7.16. For F C [m]™ and k € [n] we have |]-"|(Zj) < Tlsjer Hs(F)]-

Proof of Theorem 7.15. Suppose F C [m]™ is (t — 1)-avoiding with |F| > m"~‘. By Theorem 7.14
there is a subcube D of co-dimension ¢ such that G := F \ D has € := u(G)m! < 27"/X, for some
K = K(N,t). We may assume D = {z € [m|" |1 =... =z, = 1}. Suppose for contradiction that
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e > 0. For each T' C [t] let Gr be the set of all zp,)\(;) where z € G with T' = {i € [t] : 7; = 1}. We have
e = pu(G)m! < 3 mt1T1u(Gr), so for a contradiction it suffices to show that each 11(Gr) < m/TI=te /n.
As F is (t — 1)-avoiding, each Gr is (t — 1 — |T'|)-avoiding. In particular, if |T'| = ¢t — 1 then Gr is
intersecting, so by Lemma 4.6 we have the required bound p(Gr) < 2¢/m? < m~te/n.
Now fix any 7' C [t| where |T| = t — 1 — d with d > 1. As Gr is d-avoiding, it is free of a

configuration with kernel size d, so by Corollary 7.13 we have |Gr| < O(1) Zle ( ] ) |0r(Gr)|. Fix
d+1

any I € ( d[z]l)' To complete the proof it suffices to establish the following claim, as this will imply

w(Gr) < O;(1)(n/m)HH1e? < mITl=te /n.
Claim 7.17. p(9;Gr) < €2

We will prove this claim using Shearer’s inequality with k¥ = d, so we now analyse the projections
IIg0;Gr = lIgGr for S € (["L\I). For such S with S N [t] # () we use the trivial bound |TIsGr| < m<.
Now fix S with S N [¢t] = (). We will show that u(IIsGr) < 2e.

To see this, we first show for any = € TlsGr that 7, := Fjy)_,q, 5, has u(F;) < n/m. Suppose not,
and fixy € G withs(y) = zand T' = {i € [t] : y; = 1}. By aunion bound (3 \Uie )y (jgus) Diowi) >
0, so we can choose z € F/, that disagrees with y on [n] \ ([t] U S). However, extending z with 2 € [m]°
and 1 € [m]! gives 2+ € F with agr(z",y) =t — 1, which is impossible, so indeed p(F.) < n/m.

As |F| > | Dy | this implies |G| > [Dyq \ F| > HsGr| - (1 — n/m)m™ =%, so e = p(G)m" >
(1 —n/m)u(IllsGr), giving u(IlsGr) < 2e. Finally, writing n’ = |[n] \ I| = n — (d + 1), Lemma 7.16
gives

n/—t n'—t

0rG7 (1) < T 1s0:Gr)] < (m®) (D)= @2em®) (") = (26)("a ) () (),
S
50 |07G7| < (2) /24 (m)"' /4 < £2m™ | This completes the proof of the claim, and so of the theorem. ]

8 Configurations

In this section we briefly consider generalisations to excluded configurations (as in the previous section).
Our aim is not a systematic study, but just to illustrate the further potential applications of our methods. We
start with a general junta approximation result for small alphabets.

Theorem 8.1. For every n > 0, configuration H and m € N with m > |H| there are J, ny € N such that if
F C [m]™ is H-free with n > ny then there is an H-free J-junta J C [m|" such that un(F \ J) < n.

The proof requires the following generalisation of Theorem 3.4.

Theorem 8.2. For every h,m € N with m > h and p > 0 there are e,c > 0 and r € N such that
if Fi,...,Fn C [m]" are (r,e)-pseudorandom with each p(F;) > pand (v1,...,25) € ([m]™)" is
uniformly random subject to agr(x;, xj) = 0 whenever j # j' then P(xy € Fi,...,x, € Fp) > ¢

The proof of Theorem 8.2 is the same as that of Theorem 3.4, except that the absolute spectral gap
condition must be replaced by a more general condition on ‘correlated spaces’, which specialises to our
situation as follows. Given f, g : [m]" — R with Ef = Eg = 0 and Ef? = Eg? = 1, such that f depends
only on the first coordinate and g does not depend on the first coordinate, and a € [m]h with distinct
coordinates chosen uniformly at random, we need to show that Ef (a)g(a) < 1. By considering the equality
conditions for Cauchy-Schwarz, it is not hard to see that this holds when m > h.
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Proof of Theorem 8.1. The proof is the same as that of Theorem 2.1, except that instead of showing that 7 is
t-intersecting we need to show that 7 is H-free. To see this, we suppose for a contradiction that J contains
‘H and show that F contains . We suppose H = {e1, ..., ey} is an (-configuration with parts (U1, ..., Uy)
realised by 2!, ... 2" € J. By relabelling we can assume that # is realised on coordinate set [¢], i.e. for

any j,j' € [h] and i € [n] we have z] = 2t exactly when i € [¢] and e; Nej NU; # 0. For j € [h] we

i i
letG; = F JUl— Then each G is (r — £, )-pseudorandom with density at least 17/3, so by Theorem

8.2 we find w; € G for j € [h] with agr(w;,w;) = 0 whenever j # j'. However, ((a:?]u[g],wj) 17 €1h])
realise H in JF, contradiction. OJ

Next we will turn to large alphabets, for which we require the following generalised Hoffman bound.

Lemma 8.3. Ler m > hb and suppose that v is a b-balanced product measure on [m|"™ and Fi, ..., Fp C
[m]™ with H?Zl v(F;) > 2"/ (m — hb) > 0. Then Fi, ..., Fy cross contain an h-matching.

Proof. We show the following statement by induction on h: if (2!, ..., z") € ([m]™)" is distributed as v/"
conditioned on agr(z7,27") = 0 whenever j # j' then P(z! € Fi,...,2" € Fy) > v(F1) ... v(Fp) —
2b/(m — hb). The case h = 1 is trivial.

For the induction step, as in the proof of Lemma 5.9 we consider the product Markov chain 7' on
[m]™ where each T; is the Markov chain on [m] with transition probabilities (7}),, = 0 and (T3)yy =
vi(y)/(1 — vi(x)) for y # . We also consider y',...,y"~! 2", where 2" is chosen according to v and
each y/ is chosen independently according to v conditioned on agr(y7, xh) = 0. We write f; for the

characteristic functions of F; for j € [h]. We have

ELA(Y) - (" @M = BolThi(z) .. Thha(@) fu(@) =Efi ... Efs+ > Egs,

0+£SC[h—1]

where gs(z) = [Lies(Tfi — Efi)(@) [Licp—1)\s fi(z). For each such S we fix some s € S and write
gs(z) = (T'fs — Efs)(x)hs(x). AsTfs —Efs = T(fs —Efs) and E(fs — Efs) = 0, as in the proof of
Lemma 5.9 we have the spectral bound

b/m b

ITfs =Efslle = 1—b/m m-—b

Then |Egg(x)| < b/(m — b) by Cauchy-Schwarz, so E[fi(y')... fa_i(y" ) fu(2®)] > Efi...Efy —
2=1b/(m — b).

Now we write P(x! € Fy,...,2" € Fp,) = EH?Zl fi(@?) = Exfh(x)E[H;:ll fi(@?) | ah = 2.
For each z we apply the induction hypothesis to fi, ..., fo—i on {z € [m]™ : agr(z,z") = 0}, which is
isomorphic to [m —1]", according to the product measure v[z"] with each v[z"];(a) = v;(a)/(1—v;(zl)) <
li/bTm = -t sov[z"] is V/-balanced, where ' = b(m —1)/(m—b). AsV//(m—1—(h—1)¥') = b/(m—
hb), by induction hypothesis E[[]/—} f;(z7) | a" = ] > E[[T}=] f;(17) | a" = ] — 2""1b/(m — hb),
so ET[j_; f5(27) = Eofu(@) [BIII}2) fi(y7) | @ = a] = 22710/ (m — hb)] = Efi ... Efy, — 2"/ (m —
hb). 0

For moderate alphabets, we have the following generalised form of our earlier lemma on fixed agree-
ments between uncapturable families: we show that uncapturable families cross contain any configuration.
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Theorem 8.4. For any configuration H of size h and s, k € N there are r,mg, N € N such that if m > my,
n > Nlogm and A; C [m]M\% are (r,m™*)-uncapturable with |R;| < k for j € [h] then there is a
realisation i, . .., y" of H with ¢/ = xfn}\Tfor some ©7 € A; for j € [h], where T = U; Rj.

Proof. We follow the proof of Theorem 6.4.

Step 1: Globalness. We define A’ for j € [h], 0 < ¢ < h as follows. Initially all A? = A;.
At step t € [h] we apply Lemma 5.5 to A'™!, which will have u(A™Y) > m~*, with vy = m~1/10
and 7/100kh in place of 7 we obtain AL = (.Ai_l)R;%a; that is (r/100kh, u(AL1)/~)-global with
(AL = (A7), where [Rj| < (r/100kh)log; ., (1/u(A;~")) < r/10h. For each j € [h] \ {t} we
let .A; = Az._l \ Use R, Di—saj(i)- Then uncapturability implies the above assumption (AT > mk
By Claim 5.4, each A{ is (ym/4, i1(A?)/2)-uncapturable, so (A?) > 1p(A?), which implies that A is
(r/100kh, 21(A}) /~y)-global.

Step 2: Fairness. As n > Nlogm and N is large, each ,u(A?) > %m_k > e Y where C =
C(s,1/2h) is as in Proposition 6.1. Consider uniformly random L € ([n]\u'(RUR/')) and let z1, . .. ,zz €
[m]¥ be a uniformly random copy of . By Proposition 6.1 each P[u ((A JLoz;) = 5H (Ah)] -
1/2h — o(1). Thus we can fix L and z1, ...,z so that all C; = (Ah)L%Z have ;(C;) > ip (Ah) so are
(r/100kh, 441(C;)/)-global.

Step 3: Expansion. We define C; C [my]" for j € [h], 0 < t < h as follows. Initially all C? =
and mg = m. Atstept € [h] we apply Lemma 6.11 with ¢ = 1/4kh and b = b, = 42t, to CI71,
which will have =1 (C{™!) > Im™F, obtaining m; € I, | iy, With my = Qp(me_1), off € [my) 5,
where R} C [n] \ (R; U R, U L) with |R}| < Og(logm) < n, such that C} := (C/~ 1)7;{,, has
pmt(CH > 2m~1/2" Foreach j € [h] \ {t} we let C;» = ﬁt(C;_l) \ UieR;’ Di_sr-

For j > t we can write Clt = ot (X), where Toy = mpo---omand X = Cj \ Uy, U{Disa : i €
Rl (72 (a) = (at,) }. As u(C ) is (7/100kh, 41(C;)/~)-global, it is ('ym/&M(Cj)/Z)iuncapturable, SO
1(X) > p(Cj)/2 = tm~*. By Claim 6.8 this implies the above assumption T (G Im~F. At the
end of the process, each p™" (C]h) > proh (Cj) — Opn(m™logm) > m=1/2h,

Step 4: Generalised Hoffman bound. By averaging, we can choose restrictions G; C [mq]® of C]h for
j € [h] where R = L UU;(R; U R U R))) such that all v(G;) > m /2", where v = p™" is b, -balanced.
By construction, the elements of G; are of the form 7, h(x{n}\ ) Where 2l € A; form a copy of H on L and
have no other agreements in R\ J;(R; U R; U R}). As [, v(G;) > m=2 > 2y, /(my, — hbh) > 0 by
Lemma 8.3 we can find a cross matching in Gy, . . . , Gi, which corresponds to e A; such that y/ = =gl
realise H.

—ay

n|\T
[]\D

We conclude this section with a junta approximation result for configurations over large alphabets, where
for simplicity we restrict attention to flat configurations with no kernel. For this case we obtain a result that
is analogous to our junta approximation result in terms of ‘crosscuts’ of expanded hypergraphs in [15].

First we give the appropriate definition of the crosscut for configurations. Let 7 be an ¢-configuration of
size h. The crosscut o () is the minimum number s such that there is a collection | J D of s co-dimension 1
subcubes such that H C | J D, among all collection D of s co-dimension 1 and each edge e € H is contained
in exactly one subcube in D. Note that o(#) > 1 if and only if  has no kernel, i.e. K(H) = 0.

Theorem 8.5. For every n > 0 and flat configuration H with no kernel, there is C such that if m,n > C
and F C [m]™ is H-free, then there is a collection D of fewer than o(H) subcubes of co-dimension 1 such
that (F \ UD) < n/m.
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Proof. Let F C [m]™ be H-free, where H = {ey, ..., ep} is an -configuration with parts (Uy, ..., Uy) and
K(H)=0.

First we consider moderate alphabet sizes, i.e. n > N logm, with m, N > h, ¢. We can assume that F
is (r, m~2)-capturable, with h, ¢ < r < m, otherwise we find H by Theorem 8.4, applied with all A; = F.
Thus we find a collection 7 of at most 7 subcubes of co-dimension 1 such that u(F \ | JJ) < m~2. Let D
be the set of D;_,, € J such that u(F;—q) > n/2r. Then u(lJJ \ UD) < n/2m, so it suffices to show
|D| < o(H).

Suppose for a contradiction that |D| > o(#). Then by definition D contains a copy of H, without loss
of generality realised on coordinate set [¢] by injections ¢; : U; — V; = {(i,a) : a € [m]}, such that for
each j € [h] there is D;;_,,; € D such that ¢, (e; N Uy ) = (ij,a’ ) iff j = j'.

Let C be the set of 7 € [¢] such that U; contains a vertex in the centre of 7. For i € C'let ¢; be the vertex
of Uj; in the centre of H (which is unique by flatness). We may assume for any ¢ € C' that D either contains
D; 4, (c;) or does not contain any D;_,,; indeed, if D does not contain D; 4, () then each D;_q 18 Djj_,,;
for at most one j € [h], so we can obtain an alternative realisation replacing ¢; by ¢, : U; — Vj/ for some
new ¢’ € [m], where ¢/(v) = (7, a) whenever ¢;(v) = (i,a).

Let I be the set of all i € [n] such that D contains some D;_,,. We claim that we can fix y/ € [m]/ for
j € [h] such that (a) pu(F;_,,;) > n/3r forall j € [h], (b) ¥}, = o’ forall j € [h], and (c) for all j € [h],
§' # j,if i’ = i7 then ! # yg’ for all i # i/, and otherwise ¢! # y{, for all i € I (in words, 3/ and 37’
may only agree on i/ if the i’s corresponding to j, 5’ coincide, and must disagree on any other coordinate).
To see this we apply a greedy algorithm. To define 3/, we consider

G=Fo\ U ({zemra=o}) .

J'<giel
-/ . .
(iyy] )#(i,a7)

which has p(G;) > w(Fyi_qi) — %Il > oL — % > 3. By averaging we can fix a restriction F_,; of G;
with at least this measure, so the claim holds.

It remains to show that G, ..., Gy, cross contain the configuration ' obtained from H by deleting the
parts corresponding to I. As in the proof of Lemma 7.3, by Proposition 6.1 we can reduce to the case that
H’ is a matching, which holds by Lemma 8.3. Thus the theorem holds for moderate alphabet sizes,

Now we consider huge alphabets, i.e. n > ng and m > on/N , where K, ng > N. We let D be the set
of all dictators D;_,, such that ju(F;_4) > n?/n?. Similarly to the proof of (a) in Theorem 7.14 we have
|D| < o(H). Let F' = F \ |UD. It suffices to show p(F') < n/m.

Suppose p(F') > n/m. Similarly to the proof of (a) in Theorem 7.14 we fix i* € [n]| with |F'|/hn <
|03 (F")| and partition 0= (G') into (F,, : a € [m]) so that > u(F,) = u(0#+G") > p(G")m/hn > n/hn.
By definition of 7 and repeated merging we can form Fi, ..., F, of the form F; = Ugeg, F,, with each
w(F;) € (n?/n?,2n? /n?). However, these cross contain 7 by Lemma 7.3. O

9 Concluding remarks

An open problem is to decide whether our main theorem holds for the binary alphabet m = 2. Here our
junta approximation method cannot work, as the (conjectural) extremal examples are not juntas: they are
balls depending on all coordinates. Despite this, it is still plausible that a result can be obtained by a stability
method, by adapting the methods of [17] in proving stability for Katona’s intersection theorem.

Another natural open problem is to obtain an infinitary version of our main theorem. Say A C R" is
(t — 1)-avoiding if it contains no pair =,y with |{i : ; = y;}| = t — 1. What is the maximum possible
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Hausdorff dimension of A? At first one might think that the answer is n — ¢, and that this would follow from
our theorems for large finite alphabets via a standard limiting argument if one assumes that A is closed. One
must make some assumption on A for any non-trivial result, as there are pathological examples of A C R"
of Hausdorff dimension n in which any distinct =, y have x; # y; for all i € [n]. However, even when A
is closed there are some surprises. For example, although it is not hard to see that a 1-avoiding set in [m]?
has size O(m), there is a closed 1-avoiding set A C R3 with Hausdorff dimension 2: this can be achieved
by A = {(z, f(x), f(x)) : x € [0,1]} for a suitably pathological continuous function f.
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